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Synopsis: (i) how superstring theories are unified by M-theory; (ii) how superstring 
and supermembrane properties follow from the D=10 and D=ll supersymmetry 
algebras; (iii) how D=10 and D=ll supergravity theories determine the strong 
coupling limit of superstring theories; (iv) how properties of Type II p-branes 
follow from those of M-branes. 



1 M-theory unification 

Over the decade from 1984-94 superstring theory came to be regarded as the 
most promising approach to a unification of all the fundamental forces. The 
most compelling argument in its favour is that it naturally describes an ul- 
traviolet finite and unitary perturbative quantum gravitylil. That this is true 
only in a spacetime of ten dimensions (D=10) is not so much a problem as an 
invitation to find a realistic model of particle physics by conipactification to 
D=4cl. However, D=10 'superstring tlieory' is not a single theory but actually 
a collection of five of them. They arecl 

(i) Type HA , 

(ii) Type IIB, 

(iii) Eg, X Eg, heterotic, 

(iv) 5*0(32) heterotic, 

(v) Type I. 

While the Eg, x Eg heterotic string i is the one favoured in attempts to make 
contact with particle physics, the other four are equally acceptable as pertur- 
bative theories of quantum gravity (whereas the bosonic string is not because 
of the tachyon in its spectrum). 

In the infinite tension limit each of these five superstring theories is ap- 
proximated by its_effective field theory, which is an anomaly-free D=10 su- 
pergravity theory ffl. There are also five of these but one of them, N=l 
supergravity/ Yang-Mills (YM) theory with gauge group [/(l)"*^^, is not the 
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effective field theory of any superstring theory. The other four are as follows, 
labelled according to the superstring theory with which each is associated: 

(i) Non-chiral N=2 supergravity (IIA) 

(ii) Chiral N=2 supergravity (IIB), 

(iii) N=l supergravity /YM with Es x Es gauge group, 

(iv) & (v) N=l supergravity /YM with 50(32) gauge group. 

Observe that two of the five superstring theories have equivalent effective field 
theories. This 'coincidence' led to some early speculation that perhaps these 
two superstring theories are really the same theory. If so, the equivalence 
must be non-perturbative because the perturbative spectra are quite different, 
the heterotic string being a closed oriented string and the Type I string an 
unoriented one that may be open or closed. 

Unfortunately, or perhaps inevitably, superstring theories are defined only 
as divergent asymptotic power series in the string coupling constant gs, which is 
related to the expectation value of the massless dilaton field (f> appearing in the 
effective supergravity theory, specifically gs — e^'^\ Thus, superstring theories 
fail to qualify as truly unified theories on two counts: (i) there is more than 
one of them, and (ii) they are defined only as asymptotic expansions. The 
essence of recent progress on the unification front is the realization that by 
solving problem (ii) we also solve problem (i), i.e. all five superstring theories 
are asymptotic expansions around different vacua of a single non-perturbative 
theory. This is not to say that problem (ii) has been solved, but a convincing 
picture of how the different asymptotic expansions are unified by a single theory 
has emerged. The surprising feature is that this unified theory is actually 11- 
dimensional at almost all points in its moduli space of vacua! The well-known 
fact that D=10 is the critical dimension of superstring theory means only that 
the dimension of spacetime is at least ten, because there may be dimensions 
that are invisible in perturbation theory. Considerations of supersymmetry 
imply that the spacetime dimension cannot exceed eleven, so we are left with 
either D=10 or D=ll as the actual dimension of spacetime. In this first lecture 
I shall attempt to provide an overview of this D=ll superunification and, since 
the idea of superunification in D=ll is quite an old one, I shall begin with a 
brief sketch of its history. 

The idea first arose from the 1978 construction of D=ll supergravity LI 
and was closely tied to the revival of the Kaluza-Klein (KK) programEl. This 
program faced insuperable difficulties, e.g. the non-renormalizability of D=ll 
supergravity and its failure to admit chiral compactifications. Both problems 
were resolved by superstring theory but the price was a retreat from D=ll 
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to D=10. Only theJact that IIA supergravity is the dimensional reduction of 
D=ll supergravity Q offered hope of a possible role for D=ll. But whereas the 
2-form potential of D=10 supergravity theories is naturally associated with 
a string, the 3- fornL potential of D=ll supergravity is naturally associated 
with a membrane E3. While it was known how to incorporate spacetime- 
superaymmetry into string theory, via the Green-Schwarz (GS) worldsheet ac- 
tion Ell, it was unclear how to generalize this to higher-dimensional objects. 
Progress came from consideration of effective actions for extended objects in 
supersymmetric field theories; it was known that the D—A GS action could 
be re-interpreted as the effective action for Nielsen Olcscn vortices in an N=2 
supersymmetric abclian Higgs model, but this model is the dimensional reduc- 
tion to D=4 of a D=6 field theory for which the 'vortices' are what we would 
now call 3-branes. The effective action for this D=6 3-brane is necessarily 
a higher-dimensional generalization of the GS action, and its construction 113 
showed how to overcome the 'string barrier'. This led to the construction of 
the D=ll supermembrane action and the interpretation of D=ll supeifgravity 
as the effective field theory_af a hypothetical supermembrane theory EJ'EJ. The 
subsequent demonstrationllJ that the GS action for the IIA superstring is the 
'double-dimensional reduction' of the D=ll supermembrane action suggested 
an interpretation of the IIA superstring as a membrane wrapped around the 
circular 11th dimension. The case for this interpretation was strengthened iy 
the construction of the extreme pifanbrane solution of D=ll supergravity lia, 
together with the demonstration EJIIj that it reduces in D=10 to the extreme 
string solution of IIA supergravity, which had eadier been identified as the 
field theory realization of the fundamental stringEJ. A further important de- 
velopment on_this front was the construction of a fivebrane solution of D=jJ-l 
supergravityES, which was subsequently shown to be geodesically completeEj. 
The fivebrane is the 'magnetic' duaJ_pf the 'electric' membrane in D=ll, in 
agreement with the general formula othat the dual of a p-brane is a p-brane 
with p = D — p — 4. 

These connections between D=10 and D=ll physics were mostly classi- 
cal; it still seemed impossible that the quantum IIA superstring theory, with 
D=10 as its critical dimension, could be 11-dimensional. In addition, the 
non-renormalizability problem of D=ll supergravity appeared to have been 
replaced by th£.^difficulty of a continuous spectrum for the first quantized su- 
permembrane Ell. An indication that the D=ll supermembrane might after 
all be relevant to quantum superstring theory arose from consideration of the 
soliton spectrum of compactified D=ll supergravity. It was noted that the 
inclusion of wrapping modes of the membrane and fivebrane led to a spectrum 
of solitons identical to that of the IIA superstring if, as could be argued on 
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other grounds, the latter includes the wrapping modes of the D=10 p-branes 
carrying Ramond-Ramond charges E3. But if this is taken to mean that IIA 
superstring theory really is 11-dimensional then its non-perturbative spectrum 
in D=10 must include the Kaluza-Klein excitations from D=ll. These would 
have long range ten-dimensional fields and so would have to appear as (BPS- 
saturated) '0-brane' solutions of IIA supergravity. Such solutions, and their 
6-brane duals, were already known to existed and it was therefore natural to 
interpret them as the field realization of the KK modes and the KK 6-branes 
needed for the D=ll interpretation of IIA superstring theory Ej. 

Because of the connection between the string coupling constant and the 
dilaton it was clear that an improved understanding of the role of the dilaton 
would be crucial to any advance in non-perturbative string theory. The fact 
that IIA supergravity is the dimensional reduction of D=ll supergravity leads 
to a KK interpretation of the dilaton_as a measure of the radius Ru of the 11th 
dimension, and hence to a relatione^ between the string coupling constant gs 
and i?ii: 

Rii = gl ■ (1) 

This shows clearly that a power series in gs is an expansion about Ru = 0, so 
that the 11th dimension is indeed invisible in string perturbation theory. In 
retrospect it is clear that that the connection between Ru and gs should have 
been exploited much earlier by supermembrane enthusiasts. Ironically, the 
obstacle was the membrane itself; the problem is that the area of a wrapped 
membrane, and hence its energy, is proportional to Ru, leading one to expect 
the tension in D=10 to be proportional to Ru too. But if this were the case 
the tension of the wrapped membrane would vanish in the ^ limit. Thus 
it seemed necessary to fix Ru at some non-zero value, thereby precluding any 
connection with perturbative string theory. What this overlooks is that the 
energy as measured in D=10 superstring theory differs from that measured in 
D=ll by a power of Ru which is precisely such as to ensure that the D=10 
string tension is independenljdi Ru, and hence non-zero in the _Rii — s- limit. 
This rescaling also ensures l3 that the 0-brane mass is proportional to l/i?ii, 
as required for its KK interpretation. 

In the strong coupling limit, in which Ru — > oo, the vacuum is 11- 
dimensional Minkowski and the effective field theory is D=ll supergravity. 
Some authors refer to this special point in the moduli space of vacua, or a 
neighbourhood of it, as 'M-theory', in which case superstring theories and M- 
theory are on a somewhat similar footing as different approximations to the 
underlying unified theory. This can be quite convenient but it leaves us with- 
out a name for the 'underlying unified theory'. One might continue to call it 
'superstring theory' with the understanding that it is now non-perturbative, 
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but this terminology is inappropriate because strings do not play a privileged 
role in the new theory even in vacua that are effectively f 0-dimensional, and it 
is membranes rather than strings that are important in the D=f f Minkowski 
vacuum. Consequently, I shall adopt the other usage, in which M-theory is the 
'underlying unified theory', i.e. M-theory is the quantum theory that unifies 
the five superstring theories and D=ll supergravity. So 'defined', M-theory is 
still f 1-dimensional in the sense that almost all its vacua are 11-dimensional, 
although some of these dimensions may be compact. The theory with the 
D=ff Minkowski vacuum will be called 'uncompactified M-theory'. Super- 
string theories can then be viewed as 'compactifications of M-theory'. 

One might wonder how a chiral theory like the IIB superstring theory can 
be obtained by compactification of M-theory. This is a special case of a more 
general problem of how chiral theories arise upon compactification from D=ll, 
given the na-go theorem for Kaluza-Klein (KK) compactification of D=ll su- 
pergravitycJ. It seems that there are two ways in which this no-go theorem is 
circumvented by some M-theory compactifications, and both involve the mem- 
brane or the fivebrane. One way stems frorn the fart that one can consider 
compactifications of M-theory on orbifoldsEZHHsHEEl, whereas KK theory was 
traditionally restricted to manifolds. The other way, and the one most directly 
relevant to the IIB superstring, is that chiral theories can emerge as limits 
of non-chiral ones as a consequence of massive modes not present in the KK 
spectrum. For example, D=ll supergravity compactified on consists of 
D=9 N=2 supergravity coupled to a KK tower of massive spin 2 multiplets. 
In the limit in which the area of the torus goes to zero, at fixed shape, one 
obtains the (non-chiral) D=9 supergravity theory. In contrast, M-theory com- 
pactified on also includes massive spin 2 multiplets coming from membrane 
'wrapping' modes on T^. Thes£,additional massive modes become massless in 
the above limit, in such a wayE^c3H that the effective theory of the resulting 
massless fields is the ten- dimensional and chiral IIB supergravity! Since this 
is a chiral theory there are two equivalent versions of it, either left-handed or 
right-handed; which one we get depends on the choice of sign of the Chern- 
Simons term in the D=ll supergravity Lagrangian or, equivalently, the choice 
of sign of a related 'Wess-Zumino' term in the supermembrane action. Thus, 
M-theory incorporates an intrinsically 'membrany' mechanism that allows the 
emergence of chirality upon compactification. 

To examine this in more detail let us denote by Rio and Rn the radii of 
the torus in the M-theory compactification. The limit in which Rio ^ oo, at 
fixed leads to the IIA theory with coupling constant given by ([|), i.e. 

#) = Rli' (2) 
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where we now call the coupling constant gi"^"* to distmguish it from the IIB 
coupling constant tu,be given below. For finite Rio it is a result of perturbative 
superstring theoryE^H that the IIA theory is equivalent to the the IIB theory 
compactified on a circle of radius l/i?io (in units in which a' — 1); i.e. the 
IIB theory is the T-dual of the IIA theory. It follows that the S'^-compactified 
IIB theory can also be understood as T^-compactified M-theory; the limit in 
which — > and Riq — s- 0, at a fixed ratio, then leads to the uncompactified 
IIB theory with string coupling constant 

9?' = (3) 

^10 

( B) 

We may assume that gs <l since the interchange of i?io and Rn is simply 
a reparametrisation of the torus. In other words, the IIB theory at coupling 
Qs is equivalent to the IIB theory at coupling l/gl . More generally, the 
discrete Sl{2;Z) group of global reparametrizations of ther-tprus imphes an 
Sl{2;Z) symmetry of the IIB theory, originally conjecturedE3 on the basis of 
the SL{2; R) symmetry of IIB supergravityl23. The way in which the IIA and 
the IIB theories aKe-Jound as compactifications of M-theory is shown in the 
following diagramed: 



D=11 




A generic point on this diagram corresponds to an 11-dimensional vacuum. 
The exceptions are those points with = but non- vanishing -Rio, corre- 
sponding to free string theories which may be ignored, and (-Rio, -Rii) = (0, 0), 
corresponding to the uncompactified IIB superstring theory, for which the vac- 
uum is 10-dimensional Minkowski. Actually, (-Rio, -Rii) = (0, 0) is not really a 
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'point' in the moduli space because the IIB couphng constant depends on how 
the (i?io,i?ii) (0,0) hmit is taken. Thus while the IIA theory has a more 
or less straightforward interpretation as an M-theory compactification, as does 
the S'^-compactified IIB theory, the uncompactified IIB theory is a singular 
limit of an M-theory compactification. 

Of course, it is equally true that the uncompactified M-theory is a limit of a 
IIB 'compactification' since, as the above figure illustrates, the S'^-compactified 
IIB theory belongs to the same moduli space as the T^-compactificd M-theory. 
In this sense, the two limiting theories are on equal footing: neither is more 
fundamental than the other. In taking the IIB theory as the starting point for 
an exploration of the moduli space of M-theory one might now wonder how 
the D=ll membrane could emerge from the IIB theory. The answer lies in the 
fact that the IIB theory is not just a theory of strings; as we shall see in.scipe 
detail later it also contains other objects, one of which is a 3-brane EaEZlH. 
Upon compactification, the 3-brane can wrap around the circle to produce 
a membrane. But this resolution of the puzzle raises another one; if the 3-brane 
does not wrap around the circle then it remains a 3-brane and we now have to 
find this object in the T^-compactified M-theory. This is resolved by the fact 
that the uncompactified M-theory is a theory not just of membranes but also, 
as mentioned above, of fivebranes. A fivebrane wrapped around is a 3-brane. 
Of course, this fivebrane need not wrap around the T^, so that we now have 
yet more branes to account for in the IIB theory. The end result of this type 
of analysis is_that all branes appearing in one compactification also appear 
in the other c3, as required by the equivalence of the two compactifications. 
Conversely, it is precisely the existence of the various branes that makes this 
equivalence possible. 

It is clear from the description of IIB superstring theory as a limit of T^- 
compactified M-theory that the complex structure of the torus, viewed as a 
Riemann surface, will survive the limit to become a parameter determining 
the choice of IIB vacuum. In fact this parameter is the vacuum value of the 
complex IIB supergravity field 

T^e + ie-'^, (4) 

where is the scalar dilaton and £ is a pseuodoscalar 'axion' field. If r were 
assumed to be single-valued in the upper half plane then it would have to 
be constant over the compact KK space in any compactification of the IIB 
theory. But, as its M-theory origin makes clear, r actually takes values in the 
fundamental domain of the modular group of the torus, so it need not be single 
valued in the upper half plane. A class_of compactifications that exploits this 
possibility has been called 'F-theory'E3. Since F-theory has been associated 
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with a hypothetical 12-diniensional theory, which would appear to place it in 
an entirely different category, it is worthwhile to make a detour to consider 
how F-theory fits into M-theory. An example will suffice. D=ll supergravity, 
and hence (presumably) JVf-theory, can be compactified on a Ricci-flat four 
dimensional manifolded. For some Ricci-flat metrics, can be viewed as 
an elliptic fibration of CP^, i.e. as a fibre bundle where the fibre is a torus 
whose complex structure r varies over a Riemann sphere. Generically, there 
will be 24 singular points on the Riemann sphere at which the torus degenerates 
but these are merely coordinate singularities as long as no two singular points 
are coincident. Thus, there exist M-theory compactifications on manifolds that 
are locally isomorphic to T'^ x S^. If the 2-torus is again shrunk to zero area we 
arrive at an S*^ compactification of the IIB theory in which the scalar field t 
varies over S^. More generally, given a Ricci-flat manifold E that is an elliptic 
fibration of a compact manifold B, one can define 'F-theory on i?' as IIB theory 
on B with r varying over B in the way prescribed by its identification as the 
complex structure of the torus in the description of E as an elliptic fibration. 
Formally, this would appear to define 'F-theory' as a 12-dimensional theory, 
but this is indeed purely formal. 

Having seen how the Type II superstring theories are unified by M-theory, 
it remains for us to see how the superstring theories with only N=l D=10 su- 
persymmetry fit into thiSjScheme. Firstly, we can ask how they are related to 
each other. It is knownli2l'E2l (at least to all orders in perturbation theory) that 
the two heterotic string theories are related by T-duality. The compactification 
of either theory on a circle allows a non-vanishing 'Wilson line' JA around the 
circle, where A is the Lie-algebra- valued gauge field of the effective supergrav- 
ity/ YM theory; this amounts to choosing a non-zero expectation value for the 
component of A in the compact direction. This expectation value must lie in 
the Cartan subalgebra of either Es x Es or 50(32). Generically, this will break 
the gauge group to [/(l)^^ but special choices result in non-abelian groups, e.g. 
50(16) X 50(16). An 50(16) x 50(16) heterotic theory obtained in this way 
by compactification of the 50(32) heterotic string theory on a circle of radius R 
can be similarly obtained by compactification of the E^ x Eg theory on a circle 
of radius 1/R. Thus, the uncompactified 50(32) and Es x Eg heterotic string 
theories are theories with vacua that are limiting points in a single connected 
space of vacua. We have already mentioned that the 50(32) heterotic and 
Type I theories are potentially equivalent non-perturbatively. We shall later 
see some of the evidence for this. Anticipating this result, we see that there are 
really only two distinct uncompactified D=10 superstring theories with N=l 
supersymmetry, one with 50(32) gauge group and one with Eg x Eg gauge 
group. We shall call these the 50(32) and Es x Es superstring theories. 
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Another clue from perturbative string theory is the fact that the Type I 
theory is an 'orientifold' of the Type IIB theory. The Type IIB string action 
is invariant under a worldsheet parity operation, Q, which exchanges the left 
and right inoiiers. We can therefore find a new string theory by gauging this 
symmetryCJ'O. This projects out the worldsheet parity odd states of the Type 
IIB superstring theory, leaving the states of the closed string sector of the 
Type I theory. This sector is anomalous by itself, but one can now add an 
open string sector, which can be viewed as an analogue of the twisted sector in 
the more conventional orbifold construction. An anomaly free theory is found 
by the inclusion of SO(32) Chan-Paton factors at the ends of open stringsB. 
This is the Type I string theory. By construction it is a theory of unoriented 
closed and open strings. From its origin in the IIB theory it is clear that the 
S'^-compactified Type I string must be 11-dimensional too. But since the IIA 
theory has the more direct connection to D=ll, and since this is the T-dual 
of the IIB theory, we might expect to understand the 11-dimensional nature of 
the Type I theory more readily by considering its T-dual, which is called the 
Type lA (or Type I') theoryEj. 

The Type lA theory has some rather peculiar features. To understand 
them it is convenient to start with the Type I theory in which the 5*0(32) 
gauge group is broken to 5*0(16) x 50(16) by the introduction of Wilson lines. 
Let Y{t, a) be the map from the string worldsheet to the circle. T-duality 
exchanges Y for its worldsheet dual Y. Since Y was a worldsheet scalar, Y is 
a pseudoscalar, i.e. 

n[Y]{t,a)=-Yit,-a) . (5) 

Let y be the constant in the mode expansion of Y{(7); then — —y. The 
gauging of worldsheet parity now implies that a point on the circle with coor- 
dinate y is identified with the point with coordinate —y, so the circle becomes 
the orbifold S^jZi in which the Z2 action has two fixed points at y = 0, tt. 
In fact, since jZ^ is just the closed interval X — [0,7r], the fixed 'points' 
are actually 8-plane boundaries of the 9-dimensional space, called 'orientifold' 
planes because the Z2 action on 5^ is coupled with a change of orientation on 
the worldsheet. 

Thus, the Type lA theory is effectively the Type IIA theory compactified 
on the orbifold jZi\ closed strings that wind around the circle become open 
strings stretched between two 8-plane boundaries, each of which is associated 
with an 50(16) gauge group. Actually, for reasons explained below, the open 
strings in the Type lA theory do not end on the orientifold 8-plane boundaries 
as such but rather on 8-branes which happen to coincide with them. Leaving 
this point aside for the moment, we are now in a position to connect the N=l 
superstring theories to M-theory. Since a IIA superstring is an 5^-wrapped 
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supermembrane in a D=ll KK spacctime, the open strings of the lA theory 
must be wrapped D=ll supermembranes stretched between two S'^-wrapped 
9-plane boundaries of the D=ll KK spacetime. Let L be the distance between 
these boundaries and let R be the radius of the circular dimension, as measured 
in the D=ll metric. Then we can identify the Type lA theory as the i? ^ 
limit of M-theory compactified on a cylinder of radius R and length L. The 
stretched membrane described above is effectively wrapped on the cylinder and 
has a closed string boundary on each of the two (S'^-wrapped) 9-plane bound- 
aries. Clearly, each string boundary must carry an 50(16) current algebra in 
order that an 50(16) gauge theory emerge in the i? ^ limit. 

Suppose that we now increase R at fixed L. The cylindrical D=ll super- 
membrane will eventually be transformed from a long tube of length L and 
small radius i? to a long strip of length R and width L. For small L the two 
string boundaries of the supermembrane will appear as a single closed string 
in a D=10 spacetime carrying an 50(16) x 50(16) current algebra. This 
is the M-theory description of the heterotic string with E% x iJg broken to 
50(16) X 50(16); taking i? ^ oo we recover the uncompactifed D=10 het- 
erotic string with unbroken Eg, x Eg, gauge group. Its M-theory description 
is as a supermembrane stretched between two 9-plane boundaries of the 10- 
dimensional space, separated by ja.distance L, with an Eg, current algebra on 
each of its two string boundaries EZl. The string coupling constant turns out to 
be Qs = , so that the 11th dimension, now taken to be the interval of length 
L, is indeed invisible in perturbation theory. Of course, the limiting process 
just described leads to an infinite heterotic string; a finite closed string has the 
interpretation as a cylindrical D=ll supermembrane that is stretched between 
the 9-plane boundaries but is not otherwise wrapped. 

Let us now return to the Eg x Eg heterotic string theory compactified on 
a circle of (large) radius R with Eg x Eg broken to 50(16) x 50(16). As 
we have seen, this has a description as M-theory compactified on a cylinder 

2/3 

of radius R and length L = Qs . If i? is now continued from large to small 
values, at fixed small L, we may switch to the T-dual description as an 50(32) 
heterotic string compactified on a circle of radius 1/i?, with 50(32) similarly 
broken to 50(16) x 50(16). The couphng constant of this theory turns out 
to be (7g'^* = L/R, which is still small as long as R ^ L. If we continue to 
reduce R we eventually move into the region for which R <^ L. The heterotic 
string coupling constant is now large but we can switch to the dual Type I 
description for which the string coupling constant is 

gi = i/sr = f ■ (6) 
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In the limit in which both R and L go to zero at fixed small gl we recover the 
uncompactified Type I theory from which we started. Thus, the moduli space 
of M-theory compactified on a cylinder includes all superalring theories with 
N=l supersymmetry, as illustrated by the following figure Ell: 



SO(32) 




The generic vacuum in this moduli space is 1 1-dimensional but a 10-dimensional 
theory with gauge group 50(32) is obtained in the limit in which the cylinder 
shrinks to zero area at fixed shape. 

We now return to the issue of open strings in the Type lA theory. T- 
duality exchanges the Neumann boundary conditions on Y at the ends of an 
open string to Dirichlet boundary conditions on Y, i.e. 

dtY{t,0)^0 dtY{t,Tr) = 0. (7) 

It follows that open strings must now start at some fixed value of Y and end at 
some other, or the same, fixed value, i.e. open strings have their ends tethered 
to some number of parallel 8-planes. Unlike Neumann boundary conditions, 
Dirichlet boundary conditions do not prevent the flow of energy and momentum 
off the ends of the string, so that the 8-planes on which the strings end must be 
dynamical objects. They are called D-branesLJ, or D-p-branes when we wish 
to specify the spatial dimension of the object. In this case, the open strings 
end on D-8-branes. The N=2 supersymmetry of the IIB theory is broken to 
N=l in the Type I theory because of the restriction on the IIB fermion fields 
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at the ends of open strings. The N=2 supersymmetry of the IIA theory is 
similarly broken to N=l in the Type lA theory, but with the crucial difference 
that since the ends of open strings lie in the D-8-branes it is only on these 
branes that the N—2 supersymmetry is broken; ^Isewhere, we have have the 
unbroken N=2 supersymmetry of the IIA theory^. Thus, the Type lA theory 
is effectively equivalent to the IIA theory on an interval with some number of 
D-branes. In fact, this number is 16, but_to get an idea why we shall need to 
understand some properties of D-branesL3. 

It is typical of soliton solutions of supersymmetric field theories that they 
carry conserved central charges of the supersymmetry algebra l3. The super- 
symmetry algebra then implies a bound on the mass, for fixed charge, that 
is typically saturated by the soliton solution; the soliton is then said to be 
'BPS-saturated'. BPS-saturated solitons preserve some fraction, often half, of 
the supersymmetry of the vacuum. A further important, and related, feature 
is that the force between static BPS-saturated solitons vanishes so that there 
also exist static, and BPS-saturated, multi-soliton solutions. There is a gener- 
alization of all this to Type II supergravity theories in which a 'multi-soliton' 
is replaced by a solution representing a number of parallel infinite planar p- 
branes_The central charge in the supersymmetry algebra becomes a p-form 
chargeEll. Some of these p-branes, which all preserve half the D=10 N=2 su- 
persymmetry, carry the charges associated with {p -\- l)-form gauge potentials 
coming from the Ramond-Ramond [R ® R) sector of the Type II superstring 
theory; they are the R(E)R branes. There are R^R p-branes of IIA supergrav- 
ity for p = 0, 2, 4, 6, 8 and R<^R p-branes of IIB supergravity for p = 1,3, 5, 7. 
As for p-branes in general, the long wavelength dynamics is governed by an 
effective (p-l-l)-dimensional field theory, but a feature peculiar to R(^R branes 
is that this worldvolume field theory includes a C/(l) gauge potential. This has 
a simple string theoretic explanation: the R'S)R branes of Type II supergravity 
theories are the field theory realization of the Type II superstring D-branes, 
and the (electric) U{1) charges on the brane are the ends of open Type II 
strings. This allows a string theory cnrnputation of the bosonic sector of the 
effective worldvolume field theorylfa'OElJin^full action is then determined by 
supersymmetry and 'kappa-symmetry' EilLjS. The result (upon partial gauge 
fixing) is a non-linear supersymmetric U{1) gauge theory of Born-Infeld type, 
except that the fields now depend only on the (p+1) worldvolume coordinates 
of the brane. 

In the case of parallel multi D-branes there can be open strings with one 
end on one brane and the other end on another brane. Classically, such a 
string has a minimum energy proportional to the distance between the branes. 
Supersymmetry ensures that this remains true quantum-mechanically, so addi- 



12 



tional massless states can appear only when two or more D-branes coincide. In 
fact, they do appear, and in just such a waytfl that the [/(!)" gauge group as- 
sociated with n coicident D-branes is enhanced to U (n). Also, if this n D-brane 
system approaches an orientifold plane then further massless states (associated 
with strings stretched between the D-branes and their mirror images) appear 
in just such a way that U{n) is enhanced to SO{2n). The relevance of these 
results to the Type lA theory is due to the fact noted above that this string 
theory is just the Type IIA theory compactified on an interval of length L with 
some number of parallel D-8-branes. In the uncompactified theory we could 
allow any number, n, of parallel D-8-branes. The number n can be interpreted 
as the total i? i? charge; in general it will equal the number of branes mi- 
nus the number of anti-branes (although a configuration with both branes and 
antibranes could not be static). On a compact 'transverse' space, which is 
one-dimensional in this instance, the total i?® i? charge must vanish, so n = 
unless there are singular points of the compact space carrying non-zero i? (8) i? 
charge. In compactification on /Z2 it turns out that the orientifold planes 
each carry R ^ R charge —8, so that precisely 16 D-8-branes are needed to 
achieve a vanishing total charge. To cancel the charge locally we must put 8 
branes on one orientifold plane and 8 on the other. This leads to an iS'0(16) 
gauge group associated with each orientifold plane; this is the Type lA theory 
discussed above, i.e. the T-dual of the Type I theory with 50(32) broken to 
SO{16) X 50(16). 

It would be possible to arrange for the total 8-brane charge to vanish 
without it vanishing locally by simply moving the 8-branes apart and/or away 
from the orientifold planes. The generic configuration of this type would be 
one in which the S0{16) x 50(16) symmetry is broken to U{1)^^; this is 
the T-dual of the generic compactified Type I theory in which 50(32) is 
broken to its maximal abelian subgroup by an adjoint Higgs field. One could 
also move all 16 8-branes to one end in which case the gauge group would be 
enhanced to 50(32); this is the T-dual of the 5^ compactified Type I theory 
with unbroken gauge group. In view of these possibilities, an obvious question 
is why, in our earlier discusion, we needed to select the particular Type lA 
theory with 50(16) x 50(16) gauge group. One might suppose that some other 
configuration would be related to a version of M-theory in which 9-branes on 
the D=10 boundaries of /Z2 compactified M-theory are moved away from 
the boundary. However, a special feature of sources of 8-brane charge, i.e. 8- 
branes or orientifold 8-planes, is that the dilaton grows with distance from the 
source in such a way that the effective string coupling diverges at finite distance 
£3. At fixed relative positions of the 8-branes the absolute distances between 
them will grow with the distance L between the orientifold planes so that the 
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8-brane configuration is effectively constrained, as L oo, to approach the 
one in which the 8-brane charge is canceled locally. 

We have now seen how all superstring theories are unified by a single 
theory, M-theory, whose vacua are generically ll-dimensional. The moduli 
spaces of vacua of the superstring theories with N=l and N=2 supersymmetry 
are connected by the special D=ll Lorentz invariant vacuum of uncompactified 
M-theory. The connections between this D=ll uncompactified M-theory and 
the D=10 superstring theories are illustrated by the following figure (in which 
the two N=l string theories with 5*0(32) gauge group are considered as a 
single non-perturbative SO{32) string theory): 




This completes our overview of how superstring theories and D=ll super- 
gravity are unified by M-theory, and why 'branes' are crucial to this unification. 
In the next lecture we backtrack to explain how considerations of D=10 and 
D=ll supersymmetry algebras both provide an explanation of why there are 
five D=10 superstring theories and suggest a role for a D=ll supermembrane. 
In the third lecture we shall see how the new scenario for superunification via 
M-theory is supported by supergravity considerations. In the final lecture we 
shall see how various features of D-branes, and other superstring p-branes, are 
consequences of properties of the 'M-branes' of M-theory. 

2 Superstrings and the supermembrane 

It will be helpful to begin by reviewing how the various D=10 superstring theo- 
ries arise. Our starting point will be the N=l and N=2 superspaces, which can 
be identified with the supertranslation groups. The supertranslation algebras 
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are spanned by the lO-momentum and one or more Lorentz spinor charges. 

The minimal spinor in D=10 is both Majorana and chiral. A Majorana spinor 
Q is one for which Q = Q^C, where the bar indicates the Dirac conjugate 
and C is the antisymmetric real charge conjugation matrix. There exists a 
representation of the Dirac algebra, the Majorana representation, in which the 
Dirac matrices are real; in this representation C = r° and a Majorana spinor 
is a real 32-component spinor. A chiral spinor Q± is one for which 

rng±=±Q± (8) 

where Fn is the product of all ten Dirac matrices. It satisfies (rn)^ = 1 and 
is clearly real in the Majorana representation, so chirality is compatible with 
reality in D=10. A chiral Majorana spinor has 16 independent real compo- 
nents. 

The N=l supertranslation algebra is 

{Qt,Q;} = {CV^V^UP^. (9) 

where is a chiral Majorana spinor and "P"*" projects onto the positive chi- 
rality subspace; the choice of positive or negative chirality is of course purely 
convention. An element of the supertranslation group is obtained by exponen- 
tiation of the algebra element 

xi'p^ + e+Q+ (10) 

where X'^ are the D=10 spacetime coordinates and 9+ is an anti-chiral and 
anticommuting Majorana spinor coordinate. There are two N=2 supertrans- 
lation algebras, according to whether the two supcrsymmctry charges have 
the same or opposite chirality. If they have opposite chirality we can assemble 
them into a single non-chiral Majorana charge Q. This leads to the IIA algebra 

{Qa,Q^3} = {CT^')a(3P^, ■ (11) 

If the two supcrsymmctry charges have the same chirality we can assemble 
them into the 50(2) doublet Q^' , (/ — 1, 2) to arrive at the IIB algebra 

{Qt',Qt'} = ^''{cv^'v+UP^ . (12) 

With these supertranslation algebras in hand we can now turn to the 
construction of superstring worldsheet actions in the Lorentz-covariant Grccn- 
Schwarz (GS) formulation in which the fields are maps from the worldsheet to 
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superspace. Wc first introduce supertranslation invariant superspace 1-forms 
on the three possible superspaces: 

( dXf' ~ ie+^^'de+ (heterotic) 
W = <^ dXf' - iOVM (IIA) (13) 

[ dxf' - iSijOivdei (iiB) . 

As indicated, the N=l superspace case is relevant to the heterotic strings, the 
Type I superstring being derived from the IIB superstring. Let = (t, a) be 
the worldsheet coordinates and let 11^ denote the 10-vector components of the 
induced worldsheet 1-forms. For example, in the heterotic case we have 

nf = d^x" - id+r''d^0+ (14) 

where {Ar^(^), 6'" (^)} are the worldsheet fields. Setting the string tension to 
unity, for convenience, we can now write down the supersymmetrized Nambu- 
Goto part of the superstring action, 

Sng = - j d^S, det(n, • n,) . (15) 

For reasons reviewed elsewhereEl, this is not the complete action; it must 
be suplemented by a 'Wess-Zumino term'. To construct it we must search for 
super-Poincare invariant closed forms on superspace. This search reveals the 
following possibilities. Firstly, we have some 3-fornis 

( de+Tf,de+ (heterotic) 

/i(3) = i n'' d^r^riid6i (iia) (i6) 
{sIJn^'de\_T^,de{ (iib) 

where Fn is the product of the ten Dirac matrices F'', and Sij are the entries 
of the 2x2 matrix 

Secondly, we have the heterotic 7-form 

= • • • n^^ de+T^,,„^,de+ . (is) 

The crucial fact about these forms is that they are closed (by virtue of Dirac 
matrix identities valid in D=10) so locally we can write h — db. In fact, these 
forms are exact, but this is a special feature of the chosen background. Given a 
{p + 2)-form /i(p+2) we can find a super-Poincare invariant Wess-Zumino (WZ) 
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type action for a p-dimensfonal object, i.e. a 'p-brane', by integrating the 
(p+l)-form over the {p+ l)-dimensional worldvolume. Thus /i(7) — (i6(6) 

could only be relevant to a 5-brane. In fact, there is a heterotic 5-brane but 
our present concern is with the 3-forins ([l^ ) relevant to 1-branes, i.e. strings. 
Let bij denote the components of the worldsheet 2-form induced from b. We 
can now write down the Wess-Zumino part of the GS superstring action: 

Swz^\j d^ie^'b,, . (19) 

The combined action 

S = Sng + Swz (20) 

has a fermionic gauge invariance, usually called 'K-symmetry', which allows 
half the components of 9 to be gauged away. On choosing a physical gauge one 
finds that half of the original spacetime symmetries are linearly realized world- 
sheet sumrsymmetries; without the K-symmetry, they would all be non-linearly 
realized lJ. Thus, K-symmetry is essential for equivalence with the worldsheet 
supersymmetric NSR formulation of superstring theory. This is one reason 
why the WZ term is essential to the construction of a physically acceptable 
GS superstring theory, and it is this that restricts the construction to N=l and 
N=2 superspaces. While it is possible to introduce supertranslation algebras 
for iV > 2, a super-Poincare invariant closed 3- form h exists only for N=l and 
N=2. 

The Type II superstrings are closed strings whose covariant GS action 
is just (|2^), and for which the worldsheet fields are all periodic (recall that 
the fermions are actually worldsheet scalars in this formulation; they become 
worldsheet spinors only after gauge fixing the K-symmetry). The heterotic 



strings are closed strings based on the action (20) for N=l superspace, but 
conformal invariance of the first quantized string requires the addition of a 'het- 
erotic' action Shet involving 32 worldsheet chiral fermions C,^^ (^ = 1 • ■ .32). 
If these are chosen to transform as half-densities then 

Shet = \j d^a^d+e^AB (21) 
where i9+ is a chiral worldsheet derivative. Thus 

S — Sng + Swz + Shet (22) 

is the GS action for the heterotic strings. The worldsheet fermions C,^ may 
be periodic or anti-periodic so there are, a priori, many possible sectors in the 
full Hilbert space of the first-quantized string. However, quantum consistency 
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requires a truncation to sectors with common boundary conditions on groups of 
eight fermions, and further considerations along these hues leads to the 5*0(32) 
and Eg x Eg heterotic strings as the only ones with a spacetime supersymmetric 
spectrum This accounts for the Type II and heterotic string theories. 

We have been considering these superstrings in a particular (Minkowski) 
background. More generally, any solution of the associated effective super- 
gravity theory provides a possible background, at least to leading order in an 
expansion in powers of the inverse string tension 27ra'. We shall discuss these 
supergravity theories in the following lecture. For the present it will be suffi- 
cient to note that they all have in common the fields of N=l supergravity, for 
which the bosonic fields are the metric g^i, , an antisymmetric tensor gauge field 
Bfj^i, and a scalar 'dilaton' field (f>. We can regard the background considered so 
far as one for which g is the Minkowski metric, B vanishes and (j) is constant. 
Omitting worldsheet fermions, the worldsheet action for a general background 
involving these fields is 

^ = - ^ y^'e I V^Y'g., + e^'B,, + aVV^i?^'^ I , (23) 

where we use here the 'sigma model' formulation of the action in which 7^ is 
an independent (but auxiliary) worldsheet metric with scalar curvature R^'^\ 
The sigma model 'coupling constants' g^ , Bij and </> are the puUbacks to the 
worldsheet of the spacetime fields. In the full action including worldsheet 
fermions the 2-form B combines with the superspace 2-form 6; both are part 
of the complete WZ term. 

For the heterotic string, the general bosonic background will also include 
a background 50(32) or x gauge potential. In the 5*0(32) case this 
background is easily accomodated by modifying Shet in ( p2| ) such that 9+ 
becomes a covariant derivative constructed from the puUback of the spacetime 
gauge potential. In the £*§ x E^ case only an 50(16) x 50(16) subgroup can be 
dealt with this way. For the Type II strings there is a more serious omission, 
owing to the fact that spacetime bosons in the string spectrum arise from two 
distinct sectors, the Neveu-Schwarz/Neveu-Schwarz {NS®NS) sector and the 
Ramond/Ramond [R (g) R) sector. For present purposes we may define these 
sectors according to whether the spacetime boson couples to a boson bilinear 
{NS ® NS) or to a fcrmion bilinear {R® R). The R® R fields are abelian 
{p+ l)-form potentials for various values of p (as explained in the next lecture) 
which couple to the worldsheet only through their (p -I- 2)-form field strengths 
(this is the only possibility compatible with gauge invariance). This has the 
important consequence that R®R charges are not carried by the Type II strings 
themselves. In contrast, since the 2-form potential B couples 'minimally' to 
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the heterotic and Type II strings, they carry the charge 

Qi - J^^^H , (24) 

where (locally) H = dB and ★ is the Hodge dual of spacetime. The integral is 
over a 7-sphere surrounding the string, as shown schematically below: 



STRING 




Because the heterotic and Type II strings are charged, in the sense that Qi ^ 0, 
they cannot break; if this were to happen the 7-sphere could be slid off the 
string and contracted to a point, wiich would imply Qi — 0. Actually, this 
argument needs some qualification E3 for Type II strings since these can have 
endpoints on the D-branes which we encountered earlier. 

We now turn to the remaining Type I superstring theory. Note that S 
of ( p7| ) is not an SO{2) invariant tensor, so the SO{2) invariance of the IIB 
supertranslation algebra is broken by the IIB superstring action. On the other 
hand, the minus sign in the definition of S means that the IIB action is invariant 
under a worldsheet parity operation 17, induced by cr — > — cr, where the fields 

are assigned positive parity (i.e. they are true scalars) and {6\ ±0^) is 
assigned parity ±1. That is, supressing Lorentz spinor and vector indices, 

VL[X]{t,cj) = X{t,-a) 
n[iel±dl)]it,a) = ±i9\±9l)it,~a) . (25) 

As mentioned earlier, the existence of this Z2 symmetry means that we can 
find another superstring theory, the Type I theory, as an orientifold of the 
IIB theory. The states of the closed string sector of the Type I theory are 
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found by projection onto the even worldsheet parity subspace of the Type IIB 
Fock space. The NS ^ NS two-form B is projected out since the worldsheet 
boson bihnear to which it couples, e^^ diX'^djX'^ , has odd parity. There are 
two parity-even fermion bilinears, both involving the antisymmetric product of 
three Dirac matrices, but (as explained in the next lecture) only one of them 
{8\.r^^'^P9^) couples to a 3-form field strength from the R(E) R sector of the 
string theory. This is the only R (S) R field to survive the projection. Thus, 
the massless fields of the closed Type I superstring are exactly those of N=l 
supergravity, but with the 2-form gauge potential coming from the Ri^R sector. 

An immediate consequence of this difference is that the Type I string does 
not carry the charge Qi defined above and hence can break. In fact, the closed 
string sector is anomalous by itself, but we can find an anomaly free theory by 
the addition of an open string sector with 5*0(32) Chan-Paton factors. The 
states of the open string sector of the Type I theory are found by quantization 
of the IIB worldsheet fields Z^^ {t, a) subject to the constraint Z = n[Z]. From 
( p5| ) we see that this constraint implies that 

X'{t,c7) = -X'{t,-a) 
[9l-9l]{t,a) = -[0\-0l]{t,-a) . (26) 

where the prime indicates differentiation with respect to a. This implies, in 
turn, that X' = and 9\ — 9\ at a = 0, tt, which are the standard boundary 
conditions at the ends of an open superstring. 

It is now time to address the discrepancy between the symmetries of the 
IIB superstring action and those of the IIB supertranslation algebra (|l^). Re- 
call that the latter has an SO (2) symmetry not shared by the former. In 
fact, the discrepancy is illusory because the algebra (|l^) is that relevant to 
the Minkowski vacuum. The algebra of supersymmetry charges deduced as 
Noether charges of the IIB superstring action contains an additional term aris- 
ing from the fact that the WZ Lagrangian is imt invariant but changes by a 
total derivative. The algebra found this way iscZl 

{{Qt'.Qy} = 5'-\CT^'V+)c.pP^ + Sij{CT^V+)c.pZ^' (27) 
where Z^^ is the 1-form charge 

= <j>dX^' , (28) 

with the integral being taken over the image of the closed string in spacetime. 
This charge is non-zero for strings that wind around a homology 1-cycle in 
space. Effectively, this means that the charge Z is relevant only for the S*^- 
compactified IIB superstring, but one can then take the limit of infinite radius 
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to deduce that Z is a 1-form charge carried by an infinite string in D=10 
Minkowski spacetime. Thus, the supersymmetry algebra in the presence of an 
infinite IIB superstring has the same symmetries as the IIB superstring itself. 

Clearly a similar 1-form charge must appear in all the superstring theories 
for which the worldsheet action contains a WZ term, i.e. all but the Type I 
superstring. For example, for the IIA superstring we find that the algebra is 
modified to 

{Qa, Q/j} - (cr^)c/3-PM + (cr''rn)a/3^M • (29) 

It will prove instructive to rewrite the Type II algebras in terms of the spinor 
charge of the N=l algebra and a second spinor charge S^, where 5+ is 
the second charge of the IIB algebra and of the IIA algebra. In either case 
the supertranslation algebra is then 

{st,sp ={crf^v^U{p-z)^ (30) 

where are the projection operators onto the spinor subspaces of positive or 
negative chirality. Note that the N=l subalgebra (of is invariant under 
the interchange 

P^Z. (31) 

Of course, this symmetry is a classical one; in the quantum theory the spectrum 
of P and Z as operators will generally be different, in which case (|3l|) would 
make no sense. For example the momentum in an uncompactified direction can 
take any value while the corresponding winding number has only one allowed 
value, zero. Suppose, however, that the direction is a circle of radius 
R. Then the spectrum of Pg is isomorphic to that of the winding number 
operator Z^; the isomorphism involves the exchange of R with 1/R since the 
eigenvalues of Pg are multiples of a unit proportionl to 1 /R while those of Z^ 
are multiples of a unit proportional to R. In fact, it is known that a heterotic 
string theory on a circle of radius R is equivalent to the same theory on a circle 
of radius a' / R. This Z2 symmetry of the heterotic string is called T-duality; it 
is actually a subgroup of a much larger S'0(1, 17; Z) discrete symmetry group 
of the generic S'l^ompactified heterotic string theory which is also called the 
T-duality group E3. The invariance of the supersymmetry algebra under the 
interchange P ^ Z is clearly necessary for this to be possible. 

If we had taken the N=l supersymmetry algebra of the charges the 
conclusion would have been the same, with the exchange symmetry being P <-^- 
—Z, but the combined N=2 algebra has no analogous symmetry. It follows that 
neither the IIA nor the IIB superstring, compactified on a circle of radius R, 
is mapped to itself under the T-duality transformation R ^ 1/R. However, if 
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we replace by T^S"^ at the same time that we make the exchange P ^-^ Z, 
then wc recover the IIA algebra if wc started with the TIB one, and vicc-vcrsa 
(note that multiplication by maps a spinor of one D=10 chirality to one of 
the other chirality). In other words, the combined transformation 

Pg ^Z^ S^^ r^^^F (32) 

maps the IIA algebra into the IIB algebra, and vice versa. As before this 
transformation makes sense in the quantum theory only if is the coordinate 
of a circle, and then it must be accompanied by R l/R. In fact, it is known 
from perturbative string theory that the IIA and IIB theories are interchanged 
by the T-duality transformation iZ — > l/R. 

Finally, wc turn to the D=ll supcrmcmbranc. A convenient starting point 
is again the supertranslation algebra. In D=ll the minimal algebra is spanned 
by the 11-momentum Pm and a 32-component Majorana spinor of the D=ll 
Lorentz group Qa obeying the anticommutation relation 

{Qa,Q(3} = {CT^)a0PM . (33) 

As before, we can introduce the supertranslation invariant 11-vector- valued 
1-form on superspace 

jjM ^ ^^M _ ^QY^^g (34) 

We now search for super-Poincare invariant closed forms on superspace. The 
only possibility is the 4-form 

ft,(4) = n^n^ devMNde , (35) 

which leads us to expect a membrane rather than a string. The word 'mem- 
brane' has been used in the past to refer both to a generic p-brane and to a 
domain wall in D spacetimc dimensions, i.e. a (D — 2)-brane. Here we use the 
word 'membrane' to mean exclusively a 2-brane 

The Nambu-Goto string action has an obvious p-brane generalization. The 
p = 2, i.e. nicnibrane, case was first considered by Dirac, so this type of 
action is sometimes called the Dirac action; its supersymmetric version (for 
unit surface tension) is 

^D = - J d^C ^- det(ni-n,) . (36) 
It turns out that there is a K-invariant supermembrane action of the form 

S = Sd + Swz (37) 



22 



where Swz is constructed from the 3-form 6(3) for which /i(-4) = db(^^y As for 
the heterotic and Type II superstrmgs, the presence of the WZ term miphes a 
modification of the supersymmetry algebra. This time we find that 

{Qa,Qf3} = {CT^^)af}PM + {CT M n) af}Z^2f (38) 

where Z^2) is a 2-form charge. This D=ll supertranslation algebra can be 
rewritten as a D=10 algebra by the simple expedient of splitting all charges into 
their representations under the D=10 subgroup of the D=ll Lorentz group. 
The D=ll supersymmetry charge becomes a D=10 Majorana spinor charge 
while 

Pm = 

= {Z^^^^,Z^^;^Z^). (39) 
In this new notation the algebra ( |3^ ) reads 

{Qa, Qp} = {CT^'UiP^ + (CT^rii)„;3Z^ 

+ (Crll)„;3Pll + (CT^,.)a/3^f2'i ■ 

Note the similarity to ( jS^ ) , but in addition to the 1-form charge Z associated to 
the IIA string we also find a 0-form charge Pn and a 2-form charge Z(2)- This 
suggests not only that the IIA superstring is really a D=ll supermembrane 
but also that the non-perturbative D=10 theory is a theory not just of strings 
but also of 0-branes and 2-branes. This line of inquiry will be followed up in 
the last lecture. 

We have seen in this lecture that the construction of string and membrane 
actions with manifest spacetime supersymmetry requires the existence of a 
closed 3-form or 4-form on the relevant superspace, and thatJJiis requirement 
severely restricts the possibilities. In fact, one can determineE^, for any space- 
time dimension D and each N, the values of p for which there exists a closed 
superspace (p-|~2)-form (of the required dimension). The resulting table of pos- 
sibilities (the 'old branescan') includes those D=10 and D=ll cases discussed 
above, but it is now time to admit that the full story is rather more compli- 
cated. It turns out that a closed (p + 2)-form on superspace is necessary only if 
(after gauge fixing the K-symmetry) the worldvolume fields consist exclusively 
of scalars and spinors. While this is the case for p-brane solutions of flat space 
field theories, and for some p-brane solutions of supergravity theories, it is 
not true in general, as was originally discovered by an analysis of the, small 
fluctuations about 5-brane solutions of Type II supergravity theories Eil. Ex- 
amples in D=10 are provided by D-branes, whose worldvolume field content is 
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that of the D=10 vector multiplet dimensionaUy reduced to (p+1) dhiicnsions. 
Another example is the fivebrane solution of D=ll supergravity, for which the 
field content is that of a 6-dimensional antisymmetric tensor multiplet. These 
examples can be viewed as having a common origin since the D=ll fivebrane 
is a type of M-theory D-brane Pipthe sense that it is an object on which a 
membrane can have a boundaryEj'EJ. 

These additional possibilities for p-branes in D=10 and D=ll supergrav- 
ity theories are also associated with p-form extensions of the supersymmetry 
algebra. For example, the D=ll superfivebrane is associated with a 5- form 
extension of the D=ll, superymmetry algebra. Thus, the full D=ll super- 
translation algebra isEil 

{QcQfl} — {CT^'')al3PM + {CT MN)apZ^2f + M N PQr) apZ^^^ ■ 

(41) 

Note that the total number of algebraically independent charges that could 
appear on the right hand side is 528. The number actually appearing is 

11 + 55 + 462 = 528 (42) 

so the algebra ( |4l| ) is 'maximally extended'. The three types of charge apear- 
ing on the right hand side are those associated with the supergraviton, the 
supermembrane and the superfivebrane, which are the three basic ingredients 
of M-theory. It is therefore natural to regard (^l|) as the 'M-theory superalge- 
bra'. 



3 Effective supergravities and strong coupling limits 

In this lecture we shall see how consideration of the D=10 and D=ll su- 
persymmetry algebras, and the associated supergravity theories, essentially 
determines the strong coupling limits of all uncompactified superstring the- 
ories. Our starting point will be N=l or N=2 D=10 superfields, which are 
superfunctions of definite Grassman parity on the corresponding superspaces. 
The gauge-invariant fields of D=10 supergravity theories are components of a 
single real scalar superfield, subject to certain constraints. This description 
becomes quite involved for the full non-linear theories but is simple at the lin- 
earized level and a linearized analysis is sufficient to reveal the field content. 
The restriction to N=l and N=2 arises in this context because the superfield 
expansion would otherwise contain high spin gauge fields with field equations 
that are consistent only in fiat space. 

Consider first a-ceal scalar superfield (j){X,6+) on N=l superspace. This 
has the 0-expansionE3 

^{X, 9+)^(t) + i9+X+ + i{9+T^"'P9+)H^,p + ... (43) 
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The first component is a scalar, the 'dilaton' <j), followed by the dilatino A+. 
Since 9^ has 16 components, the total number of components at the 6^ level 
is 120, which is precisely the number of components of the 3-form field H. 
The constraints on the superfield 4> therefore occur at the 6^ level, where we 
find the gravitino field strength. The Riemann tensor of the D=10 metric 
appears at the 0^ level, and thereafter all higher dimension components are 
just derivatives of the lower dimension ones. In addition, the constraints imply 
the Bianchi identity dH ~ 0, allowing us to write H = dB, where _B is a 2-form 
gauge potential. In fact, the constraints also imply the field equations of B 
and the other fields in the graviton supermultiplet, of which the bosonic fields 
are {(j), g^„, Bf_,„). 

For N=l we also have the possibility of a YM supermultiplet. The YM 
field strength 2-form is contained in a Lie-algebra valued anti-chiral spinor 
superfield x+{X,0+) with the ^-expansion 

x+{x,e+)^x+ + r^''o+T^u + .-- (44) 

The constraints on this superfield, which occur at the 9^ level, imply that 
there are no further independent components and that satisfies both the 
YM Bianchi identity and field equation. When the YM multiplet is coupled 
to the graviton supermultiplet the superfield constraints on both are modified 
in such a way that, inter alia, the Bianchi identity dH = is replaced by 
an 'anomalous' one, equhialent to a modification of iJ to a include a YM 
Chern-Simons (CS) termLJ. Classically, N=l supergravity can be coupled to 
a YM supermultiplet for any choice of the gauge group G, but in the quantum 
theory cancellation of gravitational anomalies requires G to have dimension 
496. If the group is non-abelian then there are additional gauge and mixed 
anomalies that can be cancelled by the GS mechanism only for G — 5*0(32) or 
G ^ Es X i?8, and then only by the inclusion of additional Lorentz CS terms. 
Supersymmetry then requires the inclusion of an infinite number of further 
higher-order interactions, and the full supersymmetric anomaly-free theory is 
not known. This is a complicating feature of N=l that is fortunately absent 
for N=2. 

We have now seen that the bosonic fields of the combined N=l supergrav- 
ity /YM theory are 

(<^,5a.i/,^a<i^; A') ' (45) 
where ^ is a YM 1-form taking values in the Lie algebra of 5*0(32) or E^y. E^. 
Omitting fermions (and neglecting higher-derivative terms in the a' expansion) 
the action, for a particular choice of units, is 

Shet = j d'^'xV^e-^^lR + - ^\H\' - a'tr\T\'] . (46) 
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Notice that the constant vacuum value of (j) is not fixed by the field equations, 
fn fact, the action is invariant under the dilation 



h — > e^-^& 

^ eM^ , (47) 

and this invariance extends to the full action. Since the vacuum, in which 
takes a particular value, is not invariant, this symmetry is a spontaneously 
broken one for which the dilaton is the Nambu-Goldstone boson, hence its 
name. 

We have chosen to write the action ( ^6|) in a way that is appropriate to 
the heterotic strings. Observe that the scalar curvature and all other kinetic 
terms, appear multiplied by the factor e"^*^. It will be important for what 
follows to understand why this factor is there. Observe that fpi equal to its 
vacuum value (0) the worldsheet action ( p^ ) includes the termEj — (0)X: where 

X=^Jd'^V^R^'^ (48) 

is the worldsheet Euler number. For a closed Riemann surface of genus g we 
have X = 2 — 2(7, so the Euclidean path-integrand acquires a factor of 
gi^^ , where we have set 

gs = e<*> . (49) 

Since the genus g orders the perturbation series of closed string theories we 
can identify gs as the closed string coupling constant. In particular, classical 
closed string theory is associated with the Riemann sphere for which 5 = 0. 
This leads to a factor of g~'^ in the closed string effective action, which is 
consistent with the 0-dependence of the spacetime action (^^. 

Next, we turn to IIA supergravity. The gauge- invariant fields are again 
contained in a single real scalar IIA superfield (l){X,6). Its 6'-expansion is 

4>{x, e) ^(j) + i§x + ioOM +_ i§Tt'''Tn0Kf,^ + iev'^PTiieH^^p 

+ iSr^-'p^eG^.p, + ... (50) 

Note that there are a total of 496 possible components at the 6^ level. In fact, 
only 376 appear, so there is a constraint that sets to zero a 3-form field at 
the 9^ level in the 6'-expansion. Apart from the gravitino field-strength and 
the Riemann tensor there are again no further independent components. The 
constraints also imply Bianchi identities for the field-strengths at the 6^ level. 
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In particular, dM = 0, so the scalar M is just a constant|_.Ihis is actually 
the cosmological constant of the 'massive' IIA supergravityHEj. We shall set 
M = in these lectures. The other Bianchi identities imply that K = dC for 
1-form potential C (of KK origin in D=ll), H — dB for 2-form potential B 
and (at the linearized level) G = dA for 3-form potential A. Thus, the bosonic 
field content of IIA supergravity consists of the fields of N=l supergravity, 

{(l),g^^,B^^) , (51) 

which are also those of the NS (g) NS sector of the IIA string theory, together 
with the gauge potentials 

{Cfj,, Afj^^p) , (52) 

which are the fields from the RiS) R sector of the IIA string theory. As in the 
N=l case, the superfield constraints actually imply the full field equations, hut 
the bosonic field equations can also be derived from the component action □ 

Sua =/di°x|v=5e"2^[i? + 4|d0|2^i|i7|2] 

-^[\K\' + ±\G\^]^ +^JGAGAB, (53) 

where G = dA + 12B A X is the non- linear version of the 4- form field strength. 

Observe that the terms in ( p3| ) involving the i? (g) i? fields are not multi- 
plied by a factor of e"^*^. Since this property of R ^ R fields has important 
consequences it deserves comment. In the worldsheet supersymmetric NSR 
formulation of Type II string theories the R ^ R fields do not couple to the 
string through local worldsheet interactions but rather through bilinears of 
spin fields. These create cuts on the Riemann surface which invalidate the 
conclusion we arrived at previously that tree level closed string interactions are 
proportional to (in the GS formulation the RR fields do couple through 
local interactions but the K-symmetry makes the quantization of the GS su- 
perstring problematic) . Supersymmetry can be used to show that the R(E) R 
fields must appear in the action as above, but it is also possible to show this 
directly from string theory E3. 

We turn now to IIB supergravity The field- strength superfield of lin- 
earized IIB supergravity is again a real constrained scalar superfield (j){X, 6l^) 
with the ^-expansion 

+e" iOiV^'^P^HiM;^^^^ + (54) 
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The 5-form field A/+ is self-dual; this is not a constraint on the superfield but 
rather an automatic consequence of the chirality of the two coordinates. The 
tilde on H indicates that this 50(2) tensor is tracefree, i.e. SijH^'^ = 0, or 

This is a constraint because, as in the IIA case, it means that of the possible 496 
components that could appear at the 9^ level only 376 actually do appear, viz. 
L, H, H' , . The superfield constraints imply various Bianchi identities for 
these fields. In particular, dL — 0, which implies that L = d£ for pseudoscalar 
£, and (at the linearized level) dM'^ = which, because of the self-duality, 
implies not only that 7\f + = dC^ but also the linearized field equation for the 
4-form C"*". The other Bianchi identies imply that H = dB and H' — dB' for 
two 2-form potentials B and B' . Thus, the NS ig) NS fields of the IIB theory 
are the same as those of the IIA superstring while the RiS) R fields are 

(^,^;.,C'+,J , (56) 

where the superfix on C'^ is to remind us that its 5-form field strength is 
self-dual. Note that we are regarding the pseudoscalar ^ as a gauge field here 
because it appears only through its field strength L. 

action for IIB 
but they are 



The self-duality of M+ complicates the construction o 
supergravity. There are some ways around this probleip- 
rather unwieldy so we shall adopt the simpler procedure E3 in which the self- 
duality condition is temporarily dropped, thus allowing us to use the standard 
Lagrangian for C"*" . The self-duality condition is then simply added to the field 
equations that follow from the variation of this action. With this understand- 
ing, and omitting fermions, the IIB supergravity action is 

SiiB -/rfi"a;^/^|e-2^[i?-K4|d0|2~i|i?|2] _2|d^|2 

- eH\^ - ^iM+pj _ i / C+ A F A , (57) 

where the full non-linear Bianchi identity satisfied by Af+ is now dM'^ = 
H A H'. By combining this 'modified' Bianchi identity with the self-duality 
condition on Af+ we deduce that d * A/+ = H l\ H' , which is just the C+ 
field equation. Thus, the modification of the Bianchi identity is needed for 
consistency with the self-duality condition. Notice that the R^ R fields again 
appear in the action without the factor of e"^'^. 
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We are now in a position to discuss the effective field theory of the Type 
I superstring theory. The field content is necessarily the same as that of the 
effective field theory of the SO{32) heterotic string, but the 2-form gauge 
potential is the field B' from the R sector of the IIB theory, so that its 
kinetic term must appear without the factor of e~'^'^. Moreover, since the YM 
fields couple to the string endpoints, their tree-level amplitudes are associated 
with the disc (rather than the Riemann sphere) which has Euler number equal 
to 1, and this leads to a factor of e""^ (rather than e"^"^) multiplying the YM 
terms in the effective action. Thus, the bosonic sector of the Type I effective 
action is (to leading order in an a' expansion) 



We have now found the bosonic sectors of the effective supergravity the- 
ories of all five D=10 superstring theories. As we shall see, this provides a 
powerful— tool in the analysis of the possible strong coupling limits of these 
theories Ea. All that we need assume of a given superstring theory is that it 
provides an asymptotic expansion in gs to some theory, or theories, defined for 
all gs- Given the existence of a non-perturbative theory, one can continue gs 
from small to large values. Since 1/gs is now small it is reasonable to expect 
that the theory can now be approximated by another asymptotic expansion in 
powers of 1/gs- What is this new perturbation theory? One can first ask what 
its massless sector will be. For sufficiently small gs the massless quanta are 
those of the initial superstring theory. One might imagine that some of them 
could acquire masses as gs is increased, but massless quanta can become mas- 
sive only if their number, charges, and spins are such that they can combine 
to form massive multiplets, which are all larger than the irreducible massless 
ones. This condition is not met by the quanta associated to the massless fields 
of any D=10 supergravity theory which must, therefore, remain massless for all 
gs, in particular for large gs- Thus, the only issue to be addressed is whether 
any other massless quanta appear at some non-zero value of gs (or as — > oo). 

Let us consider this question first for the Type IIB theory. All supermulti- 
plets of massive one-particle states of the IIB supersymmetry algebra contain 
states of at least spin 4. There are some indications that higher-spin mass- 
less field theories might be consistent if all spins are present but then only in 
the presence of a cosmological constant. This makes it rather unlikely that 
additional massless states could appear as the IIB string coupling constant 
is increased, so we conclude that the massless states at strong coupling are 
almost certainly the same as those at weak coupling. If so, the effective field 
theory at strong coupling must again be IIB supergravity, since this is the only 
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possiblity permitted by supersymmetry. We can conclude that there must exist 
a symmetry of IIB supergravity which maps large negative <j) to to large positive 
4>, i.e. small gs to large gs. _ 

In fact, there is such a symmetry tJ. It is most easily discussed in terms 
of the 'Einstein-frame' metric 

gi't^ = e-* V , (59) 

for which the action reads 

-^e^\H'-£H\'']^ -^JC+AHAH' . (60) 

The action for (j) and £ may now be recognised as that of a sigma-model with 
target space SI{2;R)/U{1). The Sl{2;R) group acts on (f> and £ by fractional 
linear transformations on the complex scalar t = £ + ie~'^, i.e. 

' \ (61) 



CT + a 
where 

I l^eSl{2;R). (62) 

The full action ( |60[ ) is also Sl{2; R) invariant provided that the 2-form-valued 
row vector {B, —B') transforms as an Sl{2; R) doublet: 



B'\ fa b\ (B' 
B ) \ c dl\B 



(63) 



This 5/(2; i?) symmetry can be extended to the complete IIB supergravity 
action including fermions. By choosing the special Sl{2;R) matrix for which 
a = d = and b = — c = 1, we see that there is a symmetry of IIB supergravity 
that takes (j) ^ —(p ior £ = and is still such that large negative 4> is mapped 
to large positive (j> ior £ 0, as predicted. 

We have just seen that the symmetries of IIB supergravity are consistent 
with the earlier deduction concerning the strong coupling limit of the IIB su- 
perstring theory. We have not yet made any assumption about the microscopic 
theory in this limit, but a now obvious guess is thaUthe strongly coupled IIB 
superstring theory is another IIB superstring theoryE3. Ultimately, consistency 
of this guess implies that only a discrete Sl{2; Z) subgroup of Sl{2, R) can be 



30 



realized as a symmetry of the non-pertmbative IIB superstring theory t^l; this 
discrete symmetry is itself non-pertm'bative and therefore a sm'prise from the 
point of view of conventional superstring theory. The embedding of Sl{2; Z) 
in Sl{2;R) depends on the vacuum expectation value of £. When {£) — the 
Sl{2; Z) group is the one for which the entries of the matrix (|6^) are integers; 
otherwise it is a similarity transformation of an integer Sl{2;R) matrix with 
the similarity transformation depending on {£). Although the full SL{2;Z) 
symmetry cannot be checked directly, a Z2 subgroup mapping weak coupling 
to strong coupling must be a symmetry of the full non-perturbative theory if 
this theory exists because, as we have seen, this is required by supersymmetry. 
This Z2 'duality' group is precisely the one that takes cj) —(p when £ — 0. 
It is instructive to note that this Z2 transformation also takes B to B', and 
hence maps the string charge Qi of (|2j) into a similar charge Q'l defined with 
B' replacing B. Thus the weak to strong coupling duality of IIB superstring 
theory requires the existence of a new type of string carrying i? (g) i? charge; 
this is just the D-string, to be discussed in the following lecture. Given the 
existence of the D-string, T-duality implies the existence of p-branes carrying 
all other R ^ R charges of either the IIB or the IIA superstring theory, so 
the existence of the Type II D-branes is a direct consequence of IIB super- 
string duality which is virtually a direct consequence of the structure of the 
IIB supersymmetry algebra! 

We turn now to the IIA theory. In the absence of additional massless fields 
appearing for large gs the effective field theory at strong coupling would have to 
be IIA supergravity again. But unlike IIB supergravity, there is no symmetry 
that maps large positive (p to large negative </>, so this possibility is ruled out. 
It must be the case that additional massless fields appear as g^ 00. The 
main difference between IIA and IIB in the analysis of this question is that 
there is the possibility of a central charge in the IIA algebra; as we saw from 
our earlier discussion of the IIA superalgebra it has an interpretation as a KK 
charge. Centrally charged multiplets can have maximum spin two and there is 
a (unique) consistent coupling of IIA supergravity to massive centrally charged 
spin two supermultiplets: it is the coupling determined by the compactification 
of D=ll supergravity to D=10. We comiLude that the effective action at strong 
coupling must be D=ll supergravityOcj. An immediate corollary is that, in 
contrast to the IIB case, the strong coupling limit of the Type IIA superstring 
theory cannot be another superstring theory. 

The consistency of these conclusions can be checked by considering the 
dimensional reduction of D=ll supergravity. Omitting fermions, the D=ll 
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supergravity action is 



e*^^'"*^"i^Mi...Af4^J\/5...Af8^Af9AfioAfii } , (64) 



(72) 

where k is the D=ll gravitational couphng constant. In general, dimensional 
reduction to D=10 is possible once we assume that the D=ll background has 
a U{1) isometry with Killing vector field k, such that the 4- form F is also 
invariant, i.e CkF = 0, where Ck is the Lie derivative with respect to k. In 
coordinates x*^ = (x'^, y) for which k = d/dy, we can write the D=ll bosonic 
fields as 

ds^ = e-i'^(^)da;^da;'^g^^(x) +e^'^(^)(dy-rfa;^C^(a;))^ 
A = ^dx'' Adx" AdxPAf,^p{x) + ^dx'' Adx" AdyBf,^{x) , (65) 

from which we can identify the D=10 bosonic fields. Note that they coincide 
with the NS (g) NS fields (0, g^,u,B^^) and the R® R fields (C^, ^^^p) of IIA 
supergravity. Substituting the Kaluza-Klein (KK) ansatz ( |65| ) into the D=ll 
action (^) leads precisely to the IIA action ( p3| ) (in units for which Rn = k^). 

Since we have supposed that k = d/dy is the Killing vector field of a 
U{1) isometry, the coordinate y is periodically identified and we may choose 
some standard identification without loss of generality, e.g. y ''^ y + 27r. It 



then follows from (65) that the radius of the 11th dimension is 6 3"^^^^. This 
is generally x-dependent but in a KK vacuum we may set = (0). In view 
of the relation (^9|) between the dilaton and the string coupling constant we 
deduce that 

Rii = i9i^¥ , (66) 

which is precisely the relation of ([|) . This confirms that the effective action of 
the IIA superstring theory in its strong coupling limit is uncompactified D=ll 
supergravity, but it provides no clue to the nature of the D=ll quantum theory 
for which this is the effective field theory. One possibility is a supermembrane 
theory because, as we shall explore further in the next lecture, the IIA su- 
perstring transmutes at strong coupling into a D=ll supermembrane. But 
one should distinguish between a superstring or supermembrane theory and 
the superstring or supermembrane itself. The absence of a dilaton in D=ll 
means that there is no small parameter in terms of which one might define 
a perturbation theory, so it is not obvious that the presence of a membrane 
in D=ll implies the existence of a supermembrane theory. We shall return 
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briefly to this point in the epilog to these lectures but it is important to apre- 
ciate that, however things turn out, the major premise of M-theory, for which 
the circumstantial evidence is now overwhelming, is that there exists some con- 
sistent supersymmetric quantum theory in D=ll containing membranes and 
fivebranes, with D=ll supergravity as its effective field theory. 

As mentioned earlier, it is known that the IIA and IIB superstring theories 
are equivalent, order by order in perturbation theory, after compactification 
on a circle. Since this equivalence involves an interchange of KK modes and 
winding modes it does not extend to the respective S'-'^-compactified supergrav- 
ity theories, but the massless modes in 0=9 are unaffected by this exchange 
so the D=9 N=2 supergravity obtained by dimensional reduction of IIA super- 
gravity must be equivalent to that obtained from IIB supergravity. This also 
follows from supersymmetry because D=9 N=2 supergravity is unique up to 
field redefinitions, but to find the map from IIA fields to IIB fields and vice- 
versa one must compare the two dimensionally reduced supergravity theories. 
If we denote by Ra and Rb the radii of the circles in the S*^ compactified IIA 
and IIB supergravity theories, respectively, and by (pA and (j)B the respective 
dilatons, then one finds that 

e-'*'^RA = e-*"" Ra = I/Rb ■ (67) 

Given that the IIA theory is iS^-compactified M-theory it follows that the IIB 
theory can be found by a compactification, as discussed in the first lecture. 
To determine the relation between the radius i?io appearing in that discussion 
and the radius Ra of the IIA compactification we write the 10-metric of IIA 
supergravity as ds^Q — dsg -I- where x is the coordinate of the circle 

(such that X ^ x-\-2'k). Since ds^Q appears in the KK ansatz ( p^ with a factor 
of e^'^'^l'^ we deduce that the radius of the circle from the D=ll perspective is 

i?io = e-^^^i?A. (68) 
Combining this with (^7|) we have 

e-^^ = ei'^-^/i?io , (69) 

and hence a formula for gS^^ in terms of gi"^' and i?io- Using (|66|) to eliminate 
gi^^ from this formula we find that 

.gf ) = i?ii/i?io , (70) 
which is precisely the formula (0). 
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We now turn to the issue of the strong couphng dynamics of superstring 
theories with N—1 supersymmetry. Let us consider first the Type I theory. At 
weak couphng the effective field theory is (omitting fermions) given by (p8|). 
We must again address the question of whether additional massless fields can 
appear at strong coupling. Because there is no possible central charge there is 
also no possibility of a shortened massive supermultiplet, but because we now 
have only N=I supersymmetry the maximum spin of a massive supermultiplet 
could be as low as two. As just explained, additional spin two fields becoming 
massless signals the decompactification of an extra dimension. This is now 
an unlikely possibility because the only higher dimensional supersymmetric 
field theory is D=1I supergravity, which has double the required number of 
supersymmetries and no gauge fields. Thus, the most likely possibility is that 
the effective field theory at strong coupling is equivalent to the one at weak 
coupling. This would mean that it must be obtainable by some field redefinition 
that involves (j) ^ —4>. In contrast to the case of IIB supergravity, there is 
no field redefinition of this type which takes the effective field theory of the 
Type I superstring theory into itself, i.e. there is no strong-to-weak coupling 
symmetry. However, there is a field redefinition of this type that transforms 
the Type Leffective field theory into the 50(32) heterotic effective field theory. 



The equivalence of the two effective field theories is not in itself surprising 
because the N=l supergravity/YM theory is unique up to field redefinitions 
once the gauge group is specified. However, the fact that the required field 
redefinition involves a change of sign of the dilaton is significant. It shows that 
the strong coupling limit of the Type I string theory is a theory with the same 
effective field theory as the 50(32) heterotic string theory. It is a now obvious 
guess that the strongly coupled Type I string theory is the 50(32) heterotic 
string theory, and vice- versa. This is certainly the only possibility if the strong 
coupling limit of one string theory is another string theory. Thus, subjec t t o 
this assumption (for which there is now plenty of additional evidence oo), 
the Type I and 50(32) heterotic string theories are just the weak and strong 
coupling expansions of a single non-perturbative '50(32) superstring theory'. 

It remains for us to determine the strong coupling limit of the D=IO EgxEg 
heterotic string theory. In this case there is neither a weak-to-strong coupling 
symmetry of its effective field theory nor a transformation that maps the latter 
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into the effective field theory of any other string theory. Thus, tlie strongly 
coupled Eg X Es superstring theory cannot be another string theory. If the 
effective field theory at strong coupling were a KK theory it would have to be 
a compactification of D=ll supergravity, but the only conventional compacti- 
fication is on and this leads, as we have seen, to the IIA theory. The strong 
coupling limit of the Eg x Eg superstring theory is therefore the most puzzling 
of the five. As explained briefly in the earlier, overview of M-theory unification, 
this puzzle is resolved by the interpretationtZI of the Eg x Eg superstring theory 
as a compactification of M-theory on /Z2 ■ 

4 Branes from M-theory 

We have now seen how the picture sketched earlier in which all five superstring 
theories are asymptotic expansions of a single 11-dimensional theory, M-theory, 
is supported, and suggested, by the effective supergravity theories. In fact, we 
have only just begun to mine the information contained in these effective field 
theories. For exanmle, much more information is contained in the solutions 
admitted by them llj. For each (p-l-l)-form in the Lagrangian there is an 
associated electric-type p-brane solution and a magnetic-type (6 — p)-brane 
solution, carrying charges Qp and Q(e-p) respectively. Actually, there are 
families of such solutions in which the p-volume tension can be varied at will 
subject only to a BPS-type bound. For reasons mentioned briefiy in our M- 
theory overview, the solutions of most interest are the 'BPS-saturated' p-branes 
for which, as the name suggests, the bound is saturated. The values of p for 
which such solutions of a given theory exist are given in the 'M-theory brane- 
scan' of Table 1. Only those p-branes with p < 6 appear in electric/magnetic 
pairs, and these will be the only ones to be discussed here (the IIB 3-brane 
is an exception because it is self-dual, as indicated by the superscript). 
The IIB 7-brane and IIA 8-brane are included in the table only for the sake 
of completeness: the IIB 7-brane is important for F-theory, the IIA 8-brane is 
associated with the massive IIA theory. 

The 0=10 p-branes have been labelled in Table 1 with the subscript F, D, 
or S, according to whether they are 'Fundamental', 'Dirichlet' or 'Solitonic'. 
These adjectives are indicative of the string theory interpretation of the various 
supergravity solutions. The Fundamental strings and Solitonic 5-branes carry 
the electric or magnetic charges of the NS ^ NS 2-form potential B, and are 
therefore present for all but the Type I theory. In particular, we expect N=l 
supergravity/YM solutions to represent the long range fields of the heterotic 
string and its 5-brane dual, although their identification is not straightforward 
in this case because of the Lorentz Chern-Simons terms required for anomaly 
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Table 1: The M-Theory Branscan 
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cancellation, and the consequent infinite series of higher derivative terms then 
required by supersymmetry. Thus, for the heterotic string theories one should 
|Cather seek massless field configurations that define conformal field theories 
l3; these will be approximated by solutions of the effective field theory. In 
contrast, the Type II supergravity p-brane solutions define sigma- models with 
(4,4) worldsheet supersymmetry, which are automatically conformally invari- 
ant. The Dirichlet branes are those carrying the i? (g) i? charges, which appear 
in all but the heterotic string theories. Their string theory interpretation is 
in terms of open strings with mixed Dirichlet/Neumann boundary conditions, 
as discussed in other contributions to the school proceedings. Since the super- 
gravity solutions will also be covered in other contributions we shall not enter 
into details of them either. For our purposes it will suffice to observe that 
the dependence of the p- volume tension T on the string coupling constant gs , 
for the string-frame metric, can be essentially read off from the supergravity 
Lagrangians given previously. The result is 

{1 for a Fundamental string 
I/qs for a Dirichlet p-brane (72) 
\/gl for a Solitonic 5-brane . 

Note that all but the 'Fundamental' string are non-perturbative in gs, as re- 
quired for consistency since there is no sign of any other extended object in 
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string perturbation theory. 

The chief purpose of these lectures is to show how M-theory unifies, and 
encompasses, superstring theories. Although we made a start on this in the 
previous lectures it should now be clear that part of our goal must be to provide 
an M-theory explanation for all the superstring p-branes. We have already seen 
some reasons for believing that the IIA superstring is a D=ll supermembrane 
wrapped around the 11th dimension, but Table 1 suggests that we should 
also expect to be able to interpret the IIA D-4-brane as a wrapped D=ll 
fivebrane. Furthermore, properties of these IIA branes, e.g. their dependence 
on the string coupling constant, should follow from properties of the D=ll 
branes, which we shall refer to collectively as 'M-branes'. Our knowledge of 
M-branes is rather limited at present but the effective worldvolume action for 
the supermembrane is known and some features of the fivebrane action are 
also known. 

Let ua,start with the supermembrane; the bosonic sector of its worldvolume 
action is 1121 

s=-lj d^a^f^^ - ^'^'4^} (73) 

where and ^^j^^ are puUbacks to the worldvolume of the spacetime metric 
and 3-form of D=ll supergravity. The overall factor has been chosen for later 
convenience. We shall take the spacetime fields to be of the form given by the 
KK ansatz (|65|), so that 

4k = d,X''d,X-'dkXPA^,p + 3di,X^d,X''dk]yB^, (74) 

where the square brackets indicate total antisymmetrization (with 'strength 
one'). To obtain the action for a string in the D^IO backgroimd provided by 
( |65| ) we must dimensionally- reduce the (2+l)-dimensional supermembrane ac- 
tion to (1+1) dimensions. The standard dimensional reduction ansatz would 
take all the worldvolume fields to be independent of one of the worldvolume 
space coordinates, say p. This results in a p-independent two-dimensional 
Lagrangian, but not one that can be identified with the usual superstring La- 
grangian. However, this ansatz is not appropriate for a membrane wound 
around the 11th dimension. There is another way to achieve a p- independent 
Lagrangian that makes use of the fact that a t/(l) isometry of the D=ll back- 
ground implies an invariance of the membrane action under the transformation 
generated by the U{1) Killing vector field k. Instead of requiring the world- 
volume fields to be p-independent we can set 

dpX^^ = k^\X) . (75) 
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If we choose spacetime coordinates such that k — d/dy, where y is the 11th 
coordinate, as in ([74[), then ( [75| ) reduces to the condition that all worldvolume 
fields are p-independent except y{£,), which is linear in p; we can then choose 
it to be proportional to p by a partial gauge choice. We can also choose 
the period of identification of p to be the same as that of y without loss of 
generality. Thus, ( [zs] ) becomes 

dpX'' = y = iyp (76) 

for some integer v, which is the winding number of the membrane around the 
factor of the D=ll spacetime. The choice = corresponds to standard 
dimensional reduction while ^ corresponds to a Scherk-Schwarz dimen- 
sional reduction, whichia called 'double-dimensional reduction' in the context 
of worldvolume actions EJ. 



Now let = (cr", p). Using (76) we then find that the induced 3x3 metric 

.(11) 



5y IS 



(11) _ /e-i^(5„;3 + e2*C„C^) z^el^C, 



from which we compute 



- det glj^^ = vy/-dctgaf3 ■ (78) 
Similarly, ( |76| ) implies that 

l^^'^^k = I'^e'^'B^f, . (79) 
The double-dimensionally reduced membrane action is therefore 

S = -^J d^cT{^- det gap - ie"''5a/3} , (80) 

but this is just v times the string action (to leading order in a' and with 27ra' = 
1) in the background provided by the NS-NS fields of IIA supergravity. Applied 
to the full supermembrane action, the same procedure yields the complete GS 
action for the IIA superstring in a general D=10 IIA supergravity background. 

Note that the string tension is proportional to which was to be expected 
for a membrane wound v times around a circle. Note also that, since all (f)- 
dependence has cancelled from the action, the tension is g^-independent, as 
required for a 'Fundamental' string. This is clearly a special feature of the 3x3 
matrix (|77|). If we were to double-dimensionally reduce the D=ll fivebrane 
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action we would have a similar calculation to perform but with a 6 x 6 matrix. 
In this case we would find that 



det.g,^j'^ = i.e-V~detg„0 . (81) 

This is sufficient to show that the double-dimensionally reduced fourbrane 
action will have a tension proportional to 1 as required for its interpretation 
as a IIA D-branecil. 

We now have evidence that the llA superstring and the llA D-4-brane are 
just the wrapped membrane and fivebrane of M-theory, but if we are to take 
this seriously, we should consider all the implications. For example, we cannot 
arbitrarily restrict the double dimensional reduction of the supermembrane to 
a single choice of the winding number v. Clearly, the v = \ string is the one 
that should be identified as the IIA superstring, and it might seem that there 
is no place for the strings with higher winding numbers. However, one should 
recall that a single charged field can create any number of charged particles, 
which can appear as a single particle of higher charge if they happen to be 
coincident. Similarly, a single string field can create any number of coincident 
strings. It is a feature of supersymmetry that the force between these strings 
is zero, so a superposition of v unit tension strings would appear to be a single 



string of tension v. In principle, we should also allow v ~ Q. The action (80) 
vanishes when v = but a proper treatment of the v = case leads to the 
action of a tensionless string. This a potential difficulty because there is no 
place in IIA superstring theory for a tensionless string. However, the v = Q 
string is not a membrane wound around the compact 11th direction; it is rather 
a toroidal membrane that has collapsed to a string. This is equally possible, 
in principle, for a membrane in an uncompactified D=ll spacetime, so if there 
is indeed a tensionless string it must already be present in D=ll. But we are 
almost certainly stepping outside the domain of validity of the supermembrane 
action when we consider configurations of membranes collapsed to strings. 

The same caveat applies to a membrane collapsed to a point, but let us 
nevertheless consider this possibility. The action for such collapsed configura- 
tions, as deduced from the supermembrane action itself, is that of the massless 
D=ll superparticle, for which the bosonic part of the action, in a bosonic 
D=ll supergravity background can be written in the (hamiltonian) form 

j dt [x'^'Pm - \i g'^'^PMPN] (82) 

where v is an independent worldline density and Pm is the momentum con- 
jugate to X'^' . In the supersymmetric case one finds that the states of the 
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quantum theory correspond to the massless fields of D=ll supergravity, and 
this was one reason for thinking that D=ll supergravity might be the effective 
field theory of a quantum supermembrane theory. As mentioned above, the 
starting point of this approach is suspect because the supermembrane action is 
likely to be only an effective one, but what we currently know about M-theory 
requires us to postulate that its effective action is indeed D=ll supergravity. 
Now, massive KK modes in D=10 can be interpreted as massless quanta 



of D=ll with non-zero momentum in the compact direction, so the action (82) 
can be used to determine some features of the KK spectrum of compact- 
ified D=ll supergravity. The KK masses will be integral multiples of a unit 
proportional to l/Rn, where Rn is the radius of the circle, but this is the 
mass unit as measured in the D=ll metric. To determine the mass in terms 



of the D=10 string-frame metric we choose the D=ll KK background of (65) 
and set Pm ~ (P^,Py). Since y is periodically identified with period 2tt, the 
eigenvalues of its conjugate variable Py are integers. We therefore set Py = n 
for integer n; the term yPy is then a total derivative which we may discard. 
Defining v = e'^'^^^v, we thereby arrive at the action 

Jdt {X^^P^ ~ [{P - nCf - [ne-O'f] ] , (83) 

which is that of a charged massive particle in a 10-dimensional spacetime. 
Setting <j) equal to its vacuum value (0) we see that the mass M and charge Q 
of this particle are given by 

Ti 

M = — Q = n . (84) 

As expected from its origin, the particle is charged with respect to the KK 
vector field, which is the R ® R vector field of IIA superstring theory. For 
n = 1, its mass is precisely that required for identification as a Il-O-brane. 
Consideration of the complete D=ll massless superparticle actionEj leads to 



an extension of (83) that includes a supersymmetry WZ term; this term implies 
an extension of the supersymmetry algebra to include the charge Q as a central 
charge. Standard arguments can then be used to derive a BPS-type bound on 
the mass in terms of the charge; this bound is saturated by (^), which was 
to be expected from the fact that KK modes are BPS-saturated. Actually, 
the D-O-branes provide only the n — 1 KK states whereas M-theory requires 
the existence of KK states for each n > 1. The n > 2 states must appear 
as bound states in the n D-O-brane system. The absence of forces between 
static D-O-branes implies that these bound states must be at threshold. The 
issue of whether there exist bound states at threshold is a delicate one and this 
prediction of M-theory still awaits verification. 
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We are not yet finished with extracting the consequences of having replaced 
the IIA superstring by a D=ll supermembrane. We have still to confront the 
most obvious consequence of this idea. A membrane can as easily move in 
ten dimensions as eleven so there must also exist a D=10 membrane in the 
non-perturbative IIA superstring thpnrv We can determine its effective action 
from that of the D=ll supermembrane lZIHIIjS. Here we shall consider only 
the bosonic action (|73|). It will be convenient to rewrite this action in the 
equivalent form 



(85) 



where v is an independent worldvolume density. The (classical) equivalence of 
this action to (^3|) follows by elimination of v by means of its Euler-Lagrange 
equation. As before we take the D=ll supergravity fields to be given by the 
KK ansatz (|65|). This implies that the induced fields are those of (fz^ , which 
we rewrite as 

4]k = ^yfe+3B[yrfe] -3B[yCfe] , (86) 

where Aijk and Bij are the worldvolume fields induced by the D=10 space- 
time fields, and we have defined 

Y = dy + C . (87) 
It follows, since gij is 3 x 3, that 

det g^^^ = det[g,, + e^'^Y.Y,] . (88) 
Using properties of 3 x 3 matrices we can rewrite this as 

det4"U(det5.,)[e-'* + |i^P] , (89) 

where |Fp — YiYjg'^^ . The action ( ^5|) is then found to be 

S = 4^ /d^e {v-'e-^^ det g,, - v + \e'^^ [A.^k - 3B„ Cfc] 

+ i;-i(det5„)|r|2 + e'^'^B.^Yk] . (90) 

Note that the one-form Y in the above action is just shorthand for the 



expression in (|87|). As such, it satisfies the identity 

d{Y -C) = Q . (91) 
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We can elevate Y to the status of an independent field if we impose this identity 
by a Lagrange multiplier. We can do this by adding to the action ( pO| ) the term 

-^/^A(r-C) (92) 

for closed two-form F. li F were an independent field, it would be a Lagrange 
multiplier for the constraint (Y — C) = 0, whereas what we need is the weaker 
constraint d{Y — C) = 0. This constraint could be imposed by taking F to be 
an exact 2-form, i.e 

F^dV , (93) 

for some 1-form V but this is slightly too strong a condition on F. If we instead 
write F — dV + 2t:lu^^\ where the closed 2-form lu^^'> belongs to an integral 
cohomology class of the membrane's worldvolume, then ( p^ acquires the extra 
term 

AS^ [ uj^^^ A (r - C) . (94) 



But the periodic identification of y means that dy/27r, and hence {Y — C)/27r, 
also belongs to an integral cohomology class (of the worldvolume after the 
puUback of forms from spacetime). Thus, AS/2tt is an integer. This implies 
that exp{iAS) = 1 and hence that the addition to F of 27ru;'^^^ has no effect 
on the path-integral. We can take this freedom in the definition of F into 
account by allowing the 1-form gauge potential V to be defined only locally, 
such that the flux of F/2Tr over any 2-cycle is an integer. This is equivalent 
to the statement that iV/2TT is a U{1) gauge potential (as against merely an 
abelian one). 

Now that we have settled the question of the nature of the gauge potential 



V introduced by the Lagrange multiplier term ( |92D we add this term to (|90D 
to obtain the equivalent action 

S = /d'e |i;-ie-2^ det .g,, -v + ie^^"*^' [A^, + ^jCk] 

+ v-^det g,,)\Y^\ - £'-'''=.F„rfcl , (95) 



where we have defined the 'modified' field strength 

= F„ - B,, . (96) 

Here, in accordance with our condensed notation, B should be understood 
to be the puUback to the worldvolume of the spacetime 2-form potential B. 
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Since Y is an independent field in the new action, it can be eliminated by its 
algebraic, and linear, Euler-Lagrange equation 



The resulting action can then be simplified by use of the 3x3 matrix identity 

det[5i,- ± Jij] = {det Qij) [l + ^| Jp] (98) 

where Jij is any antisymmetric matrix and |Jp = g^^ g'^'' JikJji- The result of 
these manipulations is 

+ \e'^''[Aijk + ^TijCk\^ . (99) 
where v = — det{gij)/v. Finally, elimination of v yields 

S = y det(,gy + ) + JiA + J^AC) . (100) 

where the final 'Wess-Zumino' term has now been written as an integral of 
a 3-form over the worldvohimc w. The dependence on in the first term is 
reminiscent of the Born-Infeld action for 'non-linear electrodynamics', so the 
full action is called the Dirac-Born-Infeld (DBl) action. Setting (t> to its vacuum 
value we see that the 2-brane tension is proportional to l/ffs, as required for 
its interpretation as the IIA D- 2-brane. 

We have now shown that the D=ll supermembrane action requires the 
D-2-brane of IIA superstring theory to have an effective worldvolume action 
of the form 

S — Sdbi + Swz (101) 

where Sdbi is the DEI action with tension of order l/.g,,, and Swz is a 'Wess- 
Zumino' term. This 'prediction' of M-theory is verifiable by a string theory 
calculation, which also shows that it is a general feature. The WZ term pro- 
vides the coupling of the D-brane to the R® R fields. The 'leading' term in the 
WZ term is always of the form J C'^p+^) ^ i.e. a minimal coupling of the D-brane 
to the R® R potential C^~^^\ implying that the D-brane is a charged source 
for C(P+i). We have now seen two examples of this: the D-O-brane, which is a 
source for the 1-form potential C'^-* = C, and the D- 2-brane, which is a source 
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for the 3-form potential C^"^-* = A. In the latter case, a magnetic source of F 
on the D-2-brane is also a source of C; this has some interesting implications 
but we shall have to pass over them here. 

Just as the existence of a membrane in D=ll implies the existence of one 
in D=10, the existence of a fivebrane in D=ll implies the existence of a D=10 

5- brane. Returning to ( p6|) but interpreting the induced metric as one on the 

6- dimensional worldvolume of a fivebrane we have 

det g^f = e-^-^ det[.9., + e^^Y^t^,] (102) 

in place of (^). Determination of the full D=10 5-brane action from M- 
theory is complicated by the fact that the D=ll fivebrane action is not yet 
fully known; its worlduolume fields include a 2-form potential with self-dual 
3-form field strength E3. Nevertheless, its Lagrangian will include a term of 



the standard Dirac form and this, together with (102), is sufficient to show 
that the tension of the D=10 5-brane is l/gg, as expected from its 'Solitonic' 
interpretation in string theory. We have still to consider the D-6-brane and the 
D-8-brane. The D-6-brane does not have an M-brane interpretation, although 
it does have a simple M-theory interpretationcJ as a generalized KK monopole. 
The M-theoretic interpretation of the D-8-brane is currently problematic since 
its long range fields solve the equations of the 'massive' IIA supergravity which, 
as far as we can see, cannot be obtained from D=ll supergravity. Hopefully, 
this mystery will be cleared up in the near future. In any case, the M-theory 
predictions agree with results obtainable from IIA superstring theory in so far 
as it is currently possible to check. 

We turn now to the IIB branes. Their worldvolume actions can be deter- 
mined indirectly from M-theory by virtue of the fact that the IIB theory and 
the IIA theory are T-dual. For example, if the D-2-brane action given above 
is compactified on and the IIA background is replaced by its T-dual IIB 
background then we obtain the action for the D-l-brane, or D-string. If this 
D-string action is compactified on and the IIB background is replaced by 
the original IIA background then we recover the D-O-brane action. This last 
step provides the sinmlfist illustration of the procedure, so we shall consider 
some of the details e3H. To do this we must depart slightly from the logic 
in which the D-brane actions are derived from M-theory by first postulating 
the (bosonic sector of the) D-string action and then showing that it leads to 
the same D-O-brane action as we previously derived from M-theory. Actually, 
in order to illustrate an additional point we shall start with the action for a 
D-string with an integer n times the tension of a single D-string. This is 

S^-^ jd^^ {e-^- ^~dei{g,j+T,j) + \e'' {B[j + (103) 
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where T is the 'modified' 2-forni field strength introduced in (p6|). We shall 
proceed by first converting this action to Hamiltonian form. The procedure 
for doing this is standard so we go straight to the final result, which is 



1 

2^ 



dt 



dalx ■P + V^E + VtE' + s X' ■ P 



[P - nB' + EBf + {X'f[{E - ntf + r?e 



-24>E 



(104) 



where 



B,, = {X'YB^, 
B' 



{x'TB' , 



(105) 



and the Lagrange multipliers v and s are the analogues of the lapse and shift 
functions of General Relativity. The variables and E are the conjugate 
momenta to X^^ and Vo-, respectively. Thus E is effectively the BI electric field 
and the constraint imposed by Vt is the 1+1 dimensional version of the usual 
Gauss' law constraint of electrodynamics. Note that a prime is used to denote 
differentiation with respect to a except in B' where it distinguishes the R® R 
2-form potential from the NS ® NS one. 

With a view to double dimensional reduction we now suppose that the IIB 
background is of KK type, i.e. admits a C/(l) Killing vector field k = d/du. 
If u is identified with period 2t: then the radius of the compact direction is 
Rb = Vk^. We then take all worldsheet fields to be cr-independent with the 
exception of u, which we set equal to a. The constraint imposed by the 'shift' 
function s now reduces to fc • P = 0, so the use of this constraint removes the 
conjugate pair (u, k ■ P) from the action. Moreover, since the Lagrangian is 
now cr-independent, the a integration can be trivially done, leading to a factor 
of 27r. At this point, we have a particle action in a background provided by the 
fields of IIB supergravity, but we may now use the 'T-duality rules' to express 
the background in terms of IIA fields. We have already come across a subset 
of these rules in (t 



These can be extended to the full set of IIA and IIB 
supergravity fieldslEI. We shall not go into the details here except to say that 
{B — £B') becomes the IIA KK 1-form C; the net result of using the T-duality 
rules in the double-dimensionally reduced D-string action ( |l04|) is 



S ■ 



dt^^X ■ P ~ ^v[{P - nCf 



■1} 



(106) 



where = {Xf", V„) with /I = 0, 1, . . . , 8 and = (P^, E). The IIA metric 
is also of KK form with Killing vector field k = djdVa, and = R\. This is 



45 



precisely the D-O-brane action (83) in a D=10 KK background provided that 
Ra can be identified as the radius of the compact 10th dimension, which it 
can be if Va- is an angular variable with period 27r. 

We saw earlier that the M- theory origin of the D-2-brane requires iV/2TT 
to be a U{1) gauge potential. It is then a consequence of T-duality that iV/2TT 
is equally a U{1) gauge potential for any D-brane, in particular the D-string. 
Because of this, the 1-form V of the D-string action is defined only up to the 
U{1) gauge transformation 

{git,cT)eU{l)) . (107) 

We may choose g — e^"' , in which case the gauge transformation becomes 

Va~^Va + 2Tr . (108) 

Since this is a gauge transformation, we must identify Va- with its gauge trans- 
form Va + 27r. Thus Va is the coordinate of a compact direction with the stan- 
dard identification, so 27ri?^ is the length of the closed orbit of fc = d/dVa, i.e. 
Ra is the radius of the compact dimension, as required. 

We have now established the relation of the IIB D-string to the IIA D- 
0-brane. It is similarly related to the D-2-brane. Let us now investigate its 



relation to the IIB Fundamental string, or 'F-string'. Since Va in (104) is iden- 
tified with period 27r, the eigenvalues of its conjugate variable E are integers. 
Let us choose 

E ^m- (109) 
the VfE' term is then zero and the VaE term becomes a total derivative which 



may be neglected. The Lagrangian density of the action (104) is thereby 
reduced to 

C^X -P + sX' -P-^vH (110) 

where 

n={P- nB' + mBf + {X'f[{m - ntf + n^e-'^''"'] (111) 

is the 'Hamiltonian' constrained to vanish by the Lagrange multiplier v. Setting 
the background scalar fields to-thcir vacuum values, we see that this is the 
action for a string with tensionllaeil 



T=—^n^/gl + {m-n{l)Y (112) 

and charge {m,n) with respect to {B,—B'), exactly as requiredElS by the 
Sl{2; Z) symmetry of the IIB theory. In particular, the string with charge (1, 0) 
is just the Fundamental IIB string. 
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It would make no sense to set ?i = in the original D-string action ( |103| ), 
but this is a defect of that action rather than a physical limitation. One of the 
virtues of the Hamiltonian form of the action is that it makes this fact manifest. 
Indeed, setting n = in (111) and eliminating all auxiliary variables from the 
action one recovers, provided that m 7^ 0, the fundamental string action (80) 
with 1/ = m, i.e. with tension T — m/27r; that action was derived from 
M-theory as the action of the IIA string but since we are omitting fermions 
it is equally the bosonic sector of the action for the IIB string. Thus, the 
fundamental string tension can be identified as the lowest non-zero eigenvalue 
of E. The semi-classical equivalent of an eigenvalue of E is the circulation of 
the classical variable E{a) around the string, ^ J daE{a). This equals the flux 
of the BI 2-form through the string worldsheet. Thus, up to a normalization 
factor, the fundamental stririg-tension is the quantized flux of the BI 2-form 
through the string worldsheet^. 

No further details of IIB p-branes will be given here, but some mention 
must be made of the IIB self-dual D-3-brane. In many respects, this plays as 
crucial a role in the IIB theory as the D-2-brane does in the IIA theory. The 
effective action for the D-3-brane is of the form (101). An important feature 
of its equations of motion (the 'branewave' equations) is that they exhibit an 
Sl{2\ Z) 'duality' in the sense that an Sl(2\ Z) transformation of the worldvol- 
ume fields, which acts by a generalization of electromagnetic duality on the 
BI 2-form field strength and its Hodge dital, effects an Sl{2;Z) transforma- 
tion of the IIB supergravity backgroundEJ. Thus, the Sl{2; Z) invariance of 
IIB supergravity (actually Sl{2; R) but this is broken to Sl{2; Z) in the quan- 
tum superstring theory) extends to the combined supergravity plus branewave 
equations. Given that M-theory predicts both the 5/(2; Z) symmetry (as the 
modular group of a 2-torus) and the 3-brane (as a T^-wrapped 5-brane), this 
result is clearly a consequence of M-theory. From this perspective it is also 
clear that M-theory equally predicts an Sl{2;Z) duality 'on the brane' for n 
coincident 3-branes, for which the BI U{1) group is enhanced to U{n). After 
gauge-fixing the K-symmetry and ignoring all but the leading order terms in 
an a' expansion, the worldvolume field theory of this multi-3-brane is just an 

the predicted Sl{2; Z) 



N=4 D=4 super- YM theory, for which we can intei; 
duality as the conjectured S-duality of this theory t 

Let us also call the 5'/(2; Z) duality of IIB superstring theory 'S-duality', 
since in both the D=10 and D=4 contexts there is a Z2 subgroup that inter- 
changes weak and strong coupling. As just explained, S-duality of IIB super- 
string theory can be 'derived' from the electromagnetic S-duality of the 3-brane 
in essentially the same way that spacetime T-duality is derived from duality 
on the worldsheet of the fundamental string. In the former case duality 'on the 
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Table 2: spacetime dualities from dualities 'on the brane' 





Worldvolumc duality 


Spacetime duality 


T 


p=l : (p ^ (j) 


II A ^ II B 


M 


p=2 : V ^ (!) 


II A ^ M 


S 


p==3 : V 


IIB ^ HE 



brane' exchanges a D=4 vector potential with its electromagnetic dual vector 
potential whereas in the latter case it exchanges a scalar for its dual scalar. In 
both cases, a duality transformation 'on the brane' results in a duality trans- 
formation of the background spacetime fields. We have also seen in this lecture 
how a vector to scalar duality on the worldvolumc of the D-2-brane results in a 
transformation from the background fields of D=10 IIA supergravity to those 
of D=ll supergravity. Let us call the latter transformation 'M- duality'. Then, 
as illustrated in Table 2, all the Type II dualities can hfiJieen to have a common 
origin in dualities 'on the brane'. It has been arguedES that there is only one 
other M-theory or superstring duality that is 'independent' of these Type II 
dualities, and that it can be taken to be the Type I to SO{?>2) heterotic string 
duality. Using these four dualities one can get to any brane on the M-theory 
brane scan from any other one. In other words, M-theory as we now know it 
is a 'p-brane democracy'. 

5 Epilog 

The main aim of these lectures has been to explain how the five D=10 super- 
string theories are unified by 11-dimensional M-theory. Pedagogical expedi- 
ency has dictated the omission of many other interesting topics, in particular 
connections between superstring and M-theory compactifications in lower di- 
mensions. Perhaps the gravest omission is a definition of M-theory. One excuse 
for this is that whereas definitions may come first in mathematics they usually 
come last in physics. It therefore seems appropriate to end these lectures with 
a brief mention of recent progress on this front. The obvious starting point for 
a definition of M-theory is the D=ll supermcmbrane. In the past, there were 
two major objections to a fundamental supermcmbrane theory. These were (i) 
that the (2-|-l)-dimensional worldvolumc action is non-renormalizable and (ii) 
that the spectrum of the first quantized supermcmbrane is continuous. Both 
these problems now have answers. 

The non-renormalizability problem has been overcome by an interpreta- 
tion of both the (l-l-l)-dimensional D=10 superstring actions, and the (2-1-1)- 
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dimensional D=ll supcrmcmbrane action, as effective actions of the so-called 
'n=2 heterotic strings'. In this approachEJ, the classical supermembrane equa- 
tions emerge as the conditions required for conformal invariance of the n=2 
heterotic string sigma-model action, so the first quantized supermembrane is 
interpreted as a second-quantized string theory. The second quantized super- 
membrane would presumably then emerge from a 'third-quantized n—2 het- 
erotic string theory'. Since we have little idea what this might be, the non- 
rcnormalizability problem might appear to have been solved only at the cost 
of introducing a new problerrL_pn the other hand, there are some indications 
from an alternative approachEEl that first quantization of the supermembrane 
(and hence second-quantization of the n=2 heterotic string) might be sufficient. 

This alternative approach makes use of the observation E3 thatpthe large 
N matrix model approximation to the supermembrane Hamiltonian Ell can be 
re-interpreted as the Hamiltonian for N coincident D-O-branes; the continuity 
of the spectrum is then seen to be a consequence of the no-force condition 
between D-O-branes. This suggests a re-interpretation of the Hilbert space 
of the first quantized supermembrane as the Hilbert space of an interacting 
multi-particle (and multi-membrane) theory that one would normally expect 
to arise only on second quantization. Remarkably, it seems possible to extract 
sensible results for the scattering of D=ll gravitons, and to recover bath, the 
membrane and the fivebrane as collective excitations in this aproachE3c3. Is 
this the long sought theory of quantum gravity? If past experience is anything 
to go by, the future holds plenty of surprises in store for us. 

References 

1. K. Aoki, E. D'Hoker and D.H. Phong, Unitarity of closed superstring 
perturbation theory, Nucl. Phys. B342 (1990) 149; N. Berkovits, Finite- 
ness and unitarity of Lorentz-covariant GS superstring amplitudes, Nucl. 
Phys. B408 (1993) 43. 

2. P. Candelas, G.T. Horowitz, A. Strominger and E. Wittcn, Vacuum con- 
Egurations for superstrings, Nucl. Phys. B258 46. 

3. M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory; vols 1 & 
2, (C.U.P. 1987). 

4. D.J. Gross, J. A. Harvey, E. Martinec and R. Rohm, Heterotic string 
theory (I). The free heterotic string, Nucl. Phys. B256 253; Heterotic 
string theory (H). The interacting heterotic string, Nucl. Phys. B267 
75. 

5. L. Alvarez-Gaume and E. Witten, Gravitational Anomalies, Nucl. Phys. 
B234 (1983) 269. 



49 



6. M.B. Green and J.H. Schwarz, Anomaly cancellations in supersymmetric 
D=10 gauge theory and superstring theory, Phys. Lett. 149B (1984) 
117. 

7. E. Cremmer, B. Julia and J. Scherk, Supergravity theory in 11 dimen- 
sions, Phys. Lett. B76 (1978) 409. 

8. M.J. Duff, B.E.W. Nilsson and C.N. Pope, Kaluza-Klein supergravity, 
Phys. Rep. 130, (1986), pp. 1-142. 

9. M. Huq and M.A. Namazie, Kaluza-Klein supergravity in ten dimensions. 
Class. Quantum Grav. 2 (1985) 597; ibid 597; F. Giani and M. Pernici, 
Phys. Rev. D30 (1984) 325; LC.G. Campbell and P.C. West, N=2D=10 
nonchiral supergravity and its spontaneous compactiBcation, Nucl. Phys. 
B243 (1984) 112. 

10. E. Bergshoeff, E. Sezgin and P.K. Townsend, Supermembranes and 11 
dimensional supergravity, Phys. Lett. 189B (1987) 75; Properties of 
the eleven-dimensional supermembrane theory, Ann. Phys. (N.Y.) 185 
(1988) 330. 

11. M.B. Green and J.H. Schwarz, Covariant description of superstrings, 
Phys. Lett. 136B (1984) 367; Properties of the covariant formulation of 
superstring theories, Nucl. Phys. B243 (1984) 285. 

12. J. Hughes, J Liu and J. Polchinski, Supermembranes, Phys. Lett. 180B 
(1986) 370. 

13. I. Bars, C.N. Pope and E. Sezgin, Massless spectrum and critical di- 
mension of the supermembrane, Phys. Lett. 198B (1987) 455. 

14. M.J. Duff, P.S. Howe, T. Inami and K.S. SteUe, Superstrings in D=10 
from supermembranes in D—11, Phys. Lett. 191B (1987) 70. 

15. M.J. Duff and K.S. StcUc, Multimcmbrane solutions of D=ll super- 
gravity, Phys. Lett. 253B (1991) 113. 

16. M.J. Duff, G.W. Gibbons and P.K. Townsend, Macroscopic superstrings 
as interpolating solitons, Phys. Lett. 332 B (1994) 321. 

17. A. Dabholkar and J. A. Harvey, Non-renormaliation of the superstring 
tension, Phys. Rev. Lett. 63 (1989) 478; G.W. Gibbons, J.A. Harvey, 
A Dabholkar and F. Ruiz-Ruiz, Superstrings and solitons, Nucl. Phys. 
B340 (1990) 33. 

18. R. Giivcn, Black p-brane solutions of D=ll supergravity, Phys. Lett. 
276B (1992) 49. 

19. G.W. Gibbons, G.T. Horowitz and P.K. Townsend, Higher-dimensional 
resolution of dilaton black hole singularities. Class. Quantum Grav. 12 
(1995) 297. 

20. R.l. Nepomechie, Magnetic monopoles from antisymmetric tensor gauge 
fields, Phys. Rev. D31 (1985) 1921; C. Teitelboim, Gauge invariance 



50 



for extended objects, Phys. Lett. 167B (1986) 63; Monopoles of higher 
rank, ibid 69. 

21. B. de Wit, M. Liischer and H. Nicolai, The supermembrane is unstable, 
Nucl. Phys. B320 (1989) 135. 

22. CM. Hull and P.K. Townsend, Unity of superstring duahties, Nucl. 
Phys. B438 (1995) 109; Enhanced gauge symmetries in superstring 
theories, Nucl. Phys. B451, (1995) 525. 

23. G.T. Horowitz and A. Strominger, Black strings and p-branes, Nucl. 
Phys. B360 (1991) 197. 

24. P.K. Townsend, The 11-dimensional supermembrane revisited, Phys. 
Lett. B350 (1995) 184. 

25. E. Witten, String theory dynamics in various dimensions, Nucl. Phys. 
B443 (1995) 85. 

26. E. Witten, Fermion quantum numbers in Kaluza-Klcin theory, in Quan- 
tum Field Theory and the Fundamental Problems in Physics, eds. R. 
Jackiw, N. Khuri and S. Weinberg, (MIT Press 1985). 

27. P. Hofava and E. Witten, Heterotic and Type I string dynamics from 
eleven dimensions, Nucl. Phys. B460 (1996) 506; Eleven dimensional 
supergravity on a manifold with boundary, Nucl. Phys. B475 (1996) 
94. 

28. K. Dasgupta and S. Mukhi, Orbifolds of M-theory, Nucl. Phys. B465 
(1996) 399. 

29. E. Witten, Five-branes and M-theorj on an orbifoJd, Nucl. Phys. B463 
(1996) 383. 

30. A. Sen, Orbifolds of M-theory and string theory. Mod. Phys. Lett. 
All (1996) 1339. 

31. E. Bergshoeff, CM. HuU and T. Ortin, Duality in the Type II super- 
string effective action, Nucl. Phys. B451 (1995) 547. 

32. P. Aspinwall, Some relationships between dualities in string theory, Nuc. 
Phys. Proc. Suppl. 46 (1996) 30, |hep-th/9508"T5i . 

33. J.H. Schwarz, The power of M-theory, Phys. Lett. 367B (1996) 97; 



M-theory extensions of T-duality, hep-th/9601077 



34. M. Dine, P. Huet and N. Seiberg, Large and small radius in string 
theory, Nucl. Phys. B322 (1989) 301. 

35. J. Dai, R. Leigh and J, Polchinski, JVew connections between string 
theories. Mod. Phys. Lett. A4 (1989) 251. 

36. J.H. Schwarz, Covariant field equations of chiral N=2 D=10 supergrav- 
ity, Nucl. Phys. B226 (1983) 269; P.S. Howe and P.C West, The 
complete N=2 D=10 supergravity, Nucl. Phys. B238 (1994) 181. 

37. M.J. Duff and J.X. Lu, Tiic self-dual Type IIB superthreebrane, Phys. 



51 



Lett. 273B (1991) 409. 

38. J. Polchinski, Diiichlet branes and Ramond-Ramond charges, Phys. 
Rev. Lett. 75 (1995) 184. 

39. C. Vafa, Evidence for F-theory, Nucl. Phys. B469 (1996) 403. 

40. M.J. DufF, B.E.W. Nilsson and C.N. Pope, CompactiGcation of D=ll 
supergravity on K(3)xT(3), Phys. Lett. 129B (1983) 39. 

41. K. Narain, New heterotic string theories in uncompactified dimensions 
< 10, Phys. Lett. B169 (1986) 61. 

42. P. Ginsparg, Comment on toroidal compactification of heterotic strings, 
Phys. Rev. D35 (1987) 648. 

43. P. Hofava, Strings on worldsheet orbifolds, Nucl. Phys. B327 (1989) 
A61; Background duaUty of open string models, Phys. Lett. B231 (1989) 
251. 

44. G. Pradisi and A. Sagnotti, Open string orbifolds, Phys. Lett. B216 
(1989) 59; A Sagnotti, in Non-perturbative Quantum Field Theory, eds. 
G. Mack et al., Cargese lectures 1987. 

45. J. Polchinski, TASI lectures on D-branes, |hep-th/9611050 . 

46. E. Witten and D. Olive, Supersymmetry algebras that include topolog- 
ical charges, Phys. Lett. 78B (1978) 97. 

47. J. A. de Azcarraga, J. P. Gauntlett and J.M. Izquierdo and P.K. 
Townsend, Topological extensions of the supersymmetry algebra for ex- 
tended objects, Phys. Rev. Lett. 63 (1989) 2443. 

48. R.G. Leigh, Dirac-Born-Infeld action from Dirichlet sigma model. Mod. 
Phys. Lett. A4 (1989) 2767. 

49. M. Li, Boundary states of D-branes and Dy strings, Nucl. Phys. B460 

(1996) 351; C.G. Callan and I.R. Klebanov, D-brane boundary dynamics, 
Nucl. Phys. 443 (1995) 444. 

50. M. Douglas, Branes within branes, bcp-th/9512077 . 

51. M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. SundeU and A. West- 
erberg, The dirichlet super p-branes in ten-dimensional Type IIA and JIB 
supergravity, Nucl. Phys. B490 (1997) 179. 

52. E. Bergshoeff and P.K. Townsend, Super D-branes, Nucl. Phys. B490 

(1997) 145. 

53. M. Aganagic, C. Popescu and J.H. Schwarz, Gauge-fixed actions and 
gauge-fixed D-brane actions, Nucl. Phys. B495 (1997) 99. 

54. E. Witten, Bound states of strings and p-branes, Nucl. Phys. B460 
(1996) 335. 

55. J. Polchinski and E. Witten, Evidence for Heterotic-Type I String Du- 
ality, Nucl. Phys. B460 (1996) 525. 

56. P.K. Townsend, Three lectures on supermembranes, in Superstrings '88, 



52 



eds. M. Green, M. Grisaru, R. lengo, E. Sezgin and A. Strominger, 
(World Scientific 1989); Three lectures on supersymmetry and extended 
objects, in Integrable Systems, Quantum Groups and Quantum Field 
Theory, eds. L.A. Ibort and M.A. Rodriguez (Kluwer 1993). 

57. J. Hughes and J. Polchinski, Partially broken global supersymmetry 
and the superstring, Nucl. Phys. B278 (1986) 14 7. 

58. P.K. Townsend, Brane Surgery, |hep-th/96092T7 . 

59. A. Giveon, M. Porrati and E. Rabinovici, Target space duality in string 
theory, Phys. Rep. 244 (1994) 77. 

60. A. Achiicarro, J. Evans, P.K. Townsend and D. Wiltshire, Super p- 
branes, Phys. Lett. 198B (1987) 441. 

61. C. Callan, J. Harvey and A. Strominger, Worldbrane actions for string 
solitons, Nucl. Phys. B367 (1991) 60. 

62. A. Strominger, Open p-branes, Phys. Lett. 383B (1996) 44. 

63. P.K. Townsend, D-branes from M-branes, Phys. Lett.B373 (1996) 68. 

64. P.K. Townsend, P-brane democracy, in Particles, Strings and Cosmol- 
ogy, eds. J. Bagger, G. Domokos, A Falk and S. Kovesi-Domokos (World 
Scientific 1996), pp.271-285, piep-th/9507048[ 

65. B.E.W. Nilsson, Simple ten-dimensional supergravity in superspace, 
Nucl. Phys. B188 (1981) 176. 

66. A.H. Chamseddine, Interacting supergravity in ten dimensions: the role 
of the six-index gauge field; E. Bergshoeff, M. de Roo, B. de Wit and P. 
van Nieuwenhuizen, Ten- dimensional Maxwell-Einstein supergravity, its 
currents, and the issue of auxiliary fields, Nucl. Phys. B195 (1982) 97; 
G.F. Chapline and N.S. Manton, Unification of Yang-Mills theory and 
supergravity in ten dimensions, Phys. Lett. 120B (1983) 105. 

67. E. Fradkin and A. Tseytlin, Effective held theory from quantized strings, 
Phys. Lett. 158B (1985) 316; C.G. Callan, D. Friedan, E. Martinec and 
M.J. Perry, Strings in background Gelds, Nucl. Phys. B262 (1985) 593. 

68. L. Romans, Massive N=2A supergravity in ten dimensions, Phys. Lett. 
169B (1986) 374; J.L. Carr, D=10 N^2A supergravity in superspace, 
S.J. Gates Jr. and R.N. Oertcr, Phys. Lett. 189B (1987) 68. 

69. E. Bergshoeff, M. de Roo, M.B. Green, G. Papadopoulos and P.K. 
Townsend, Duality of Type II 7-branes and 8-branes, Nucl. Phys. B470 
(1996) 113. 

70. N. Berkovits and W. Siegel, Superspace effective actions for 4D com- 
pactifications of heterotic and Type II superstrings, Nucl. Phys. B462 
(1996) 213. 

71. N. Berkovits, Manifest electromagnetic duality in closed superstring 
held theory, Nucl. Phys. B462 (1996) 213. 



53 



72. P. Pasti, D. Sorokin and M. Tonin, On Lorentz invariant actions for 
chiral p-forms, Phys. Rev. D55 (1997) 6292. 

73. E. BergshoeflF, H.J. Boonstra and T. Ortin, S-duality and dyonic p- 
brane solutions in Type II string theory, Phys. Rev. D53 (1996) 7206. 

74. A. Dabholkhar, Ten-dimensional heterotic string as a soliton, Phys. 
Lett. 357B (1995) 307; CM. Hull, String-string duality in ten dimen- 
sions, Phys. Lett. 357B (1995) 545. 

75. M.J. Duff, R.R. Khuri and J.X. Lu, String- Solitons, Phys. Rep. 259 

(1995) 213. 

76. C. Callan, J. Harvey and A. Strominger, Worldshcct approach to het- 
erotic instantons and solitons, Nucl. Phys. B359 (1991) 611. 

77. M.J. Duff and J.X. Lu, Type 11 p-branes: the brane scan revisited, Nucl. 
Phys. B390 (1993) 276. 

78. C. Schmidhuber, D-brane actions, Nucl. Phys. B467 (1996) 146. 

79. G.W. Gibbons and P.K. Townsend, Vacuum interpolation in supergrav- 
ity via super p-branes, Phys. Rev. Lett. 71 (1993) 3754; D. Kaplan and 
J. Michclson, Zero modes for the D=ll membrane and fivebrane, Phys. 
Rev. D53 (1996) 3474. 

80. C. Bachas, D-branc dynamics, Phys. Lett. B374 (1996) 37. 

81. E. BcrgshocfF and M. dc Roo, D-brancs and T-duality, Phys. Lett. 
380B (1996) 265; M.B. Green, CM. HuU and P.K. Townsend, D-brane 
Wess-Zumino actions, T-duality and the cosmological constant, Phys. 
Lett. 382B (1996) 65; S.P. de Alwis, A note on brane tension and M- 
theory, Phys. Lett. B388 (1996) 291. 

82. P.K. Townsend, Worldsheet electromagnctism and the supcrstring ten- 
sion, Phys. Lett. 277B (1992) 285: E. Bergshoeff, L.A.J. London and 
P.K. Townsend, Spacctimc scalc-invariancc and the super p-branc. Class. 
Quantum Grav. 9 (1992) 2545. 

83. J.H. Schwarz, An Sl(2;Z) multiplct of Type IIB superstrings, Phys. 
Lett. B360 (1995) 13; Erratum, ibid B364 (1995) 252. 

84. S.P. de Alwis and K. Sato, D-strings and F-strings from string loops, 
Phys. Rev. D53 (1996) 7187. 

85. A. Tseytlin, Self-duality of the Born-Infeld action and Dirichlct 3-brancs 
in Type IIB supcrstring theory, Nucl. Phys. B469 (1996) 51; M.B. 
Green and M. Gutperle, Comments on three-branes, Phys. Lett. B377 

(1996) 28; M. Cederwall, A. von Gussich, B.E.W. Nilsson and A. West- 
erberg, The Dirichlet super-thrcc-hranc in ten-dimensional Type IIB su- 
pergravity, Nucl. Phys. B490 (1997) 163. 

86. A. Font, L. Ibanez, D. Liist and F. Quevedo, Strong-weak coupling 
duality and non-perturbative effects in string theory, Phys. Lett. 249B 



54 



(1990) 35. 

87. A. Sen, Dyon-monopole states, self-dual harmonic forms on the multi- 
monopole moduli space and Sl{2; Z) invariance in string theory, Phys. 
Lett. B329 (1994) 217. 

88. A. Sen, Unification of string dualities, liep-th/9609176| . 

89. D. Kutasov and E. Martinec, New principles for string/membrane uni- 
fication, Nucl. Phys. B477 (1996) 652; D. Kutasov, E. Martinec 
and M. O'Loughlin, Vacua of M-theory and n=2 strings, Nucl. Phys. 



B477 (1996 ) 675; E. Martinec, Geometric structures of M-theory, |hep- 
th/9608017[ 



90. T. Banks, W. Fischler, S.H. Shcnker and L. Susskind, M-theory as a 
matrix modcLa conjecture, Phys. Rev. D55 (1997) 5112. 

91. B. de Wit, J. Hoppe and H. Nicolai, On the quantum mechanics of 
supermembranes, Nucl. Phys. B305 [FS 23] (1988) 545. 

92. M. Berkooz and M. Douglas, Fivebranes in M(atrix) theory, Phys. Lett. 
395B (1997) 196; O. Aharony and M. Berkooz, Membrane dynamics in 
M(atrix) theory, Nucl. Phys. B491 (1997) 184. 



55 



